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Foreword

In his Preface, Wes Johnson presents Seymour’s biography and discusses his pro-
fessional accomplishments. I hope my words will convey a more personal side of
Seymour.

After Seymour’s death in March 2004, I received numerous letters, calls, and
visits from both current and past friends and colleagues of Seymour’s. Because he
was a very private person, Seymour hadn’t told many people of his illness, so
most were stunned and saddened to learn of his death. But they were eager to tell
me about Seymour’s role in their lives. I was comforted by their heartfelt words.
It was rewarding to discover how much Seymour meant to so many others.

Seymour’s students called him a great scholar and they wrote about the signifi-
cant impact he had on their lives. They viewed him as a mentor and emphasized
the strong encouragement he offered them, first as students at the University of Min-
nesota and then in their careers. They all mentioned the deep affection they felt for
Seymour.

Seymour’s colleagues, present and former, recognized and admired his intellec-
tual curiosity. They viewed him as the resident expert in such diverse fields as phil-
osophy, history, literature, art, chemistry, physics, politics and many more. His peers
described him as a splendid colleague, free of arrogance despite his superlative
achievements. They told me how much they would miss his company.

Seymour’s great sense of humor was well-known and he was upbeat, fun to be
with, and very kind. Everyone who contacted me had a wonderful Seymour story
to share and I shall never forget them. We all miss Seymour’s company, his wit,
his intellect, his honesty, and his cheerfulness.

I view Seymour as “Everyman” for he was comfortable interacting with every-
one. Our friends felt he could talk at any level on any subject, always challenging
them to think. I know he thoroughly enjoyed those conversations.

Seymour’s life away from the University and his profession was very full. He
found great pleasure in gardening, travel, the study of animals and visits to wildlife
refuges, theatre and film. He would quote Latin whenever he could, just for the fun
of it.

ix



X FOREWORD

The love Seymour had for his family was a very important part of his life. And
with statistics on his side, he had four children—two girls and two boys. He was
blessed with five grandchildren, including triplets. Just as Seymour’s professional
legacy will live on through his students and his work, his personal legacy will
live on through his children and grandchildren.

When Seymour died, I lost my dictionary, my thesaurus, my encyclopedia. And I
lost the man who made every moment of our 22 years together very special.

Seymour loved life—whether dancing-in his style—or exploring new ideas.
Seymour was, indeed, one of a kind.

When Seymour was diagnosed with his illness, he was writing this book. It
became clear to him that he would be unable to finish it, so I suggested he ask
Wes Johnson to help him. Wes is a former student of Seymour’s and they had written
a number of papers together. Wes is also a very dear friend. Seymour felt it would be
an imposition to ask, but finally, he did. Without hesitation, Wes told Seymour not to
worry, that he would finish the book and it would be published.

I knew how important that was to Seymour, for it was one of the goals he would
not be able to meet on his own.

For his sensitivity to Seymour’s wish, for the technical expertise he brought to the
task, and for the years of loving friendship, thank you Wes, from me and Seymour both.

ANNE FLAXMAN GEISSER

SEYMOUR GEISSER



Preface

This book provides a graduate level discussion of four basic modes of statistical
inference: (i) frequentist, (ii) likelihood, (iii) Bayesian and (iv) Fisher’s fiducial
method. Emphasis is given throughout on the foundational underpinnings of these
four modes of inference in addition to providing a moderate amount of technical
detail in developing and critically analyzing them. The modes are illustrated with
numerous examples and counter examples to highlight both positive and potentially
negative features. The work is heavily influenced by the work three individuals:
George Barnard, Jerome Cornfield and Sir Ronald Fisher, because of the author’s
appreciation of and admiration for their work in the field. The clear intent of the
book is to augment a previously acquired knowledge of mathematical statistics by
presenting an overarching overview of what has already been studied, perhaps
from a more technical viewpoint, in order to highlight features that might have
remained salient without taking a further, more critical, look. Moreover, the
author has presented several historical illustrations of the application of various
modes and has attempted to give corresponding historical and philosophical per-
spectives on their development.

The basic prerequisite for the course is a master’s level introduction to probability
and mathematical statistics. For example, it is assumed that students will have
already seen developments of maximum likelihood, unbiased estimation and
Neyman-Pearson testing, including proofs of related results. The mathematical
level of the course is entirely at the same level, and requires only basic calculus,
though developments are sometimes quite sophisticated. There book is suitable
for a one quarter, one semester, or two quarter course. The book is based on a
two quarter course in statistical inference that was taught by the author at the Uni-
versity of Minnesota for many years. Shorter versions would of course involve
selecting particular material to cover.

Chapter 1 presents an example of the application of statistical reasoning by the
12th century theologian, physician and philosopher, Maimonides, followed by a dis-
cussion of the basic principles guiding frequentism in Chapter 2. The law of likeli-
hood is then introduced in Chapter 3, followed by an illustration involving the
assessment of genetic susceptibility, and then by the various forms of the likelihood

xi



xii PREFACE

principle. Significance testing is introduced and comparisons made between likeli-
hood and frequentist based inferences where they are shown to disagree. Principles
of conditionality are introduced.

Chapter 4, entitled “Testing Hypotheses” covers the traditional gamut of material
on the Neyman-Pearson (NP) theory of hypothesis testing including most powerful
(MP) testing for simple versus simple and uniformly most powerful testing (UMP)
for one and two sided hypotheses. A careful proof of the NP fundamental lemma is
given. The relationship between likelihood based tests and NP tests is explored
through examples and decision theory is introduced and briefly discussed as it relates
to testing. An illustration is given to show that, for a particular scenario without the
monotone likelihood ratio property, a UMP test exists for a two sided alternative.
The chapter ends by showing that a necessary condition for a UMP test to exist in
the two sided testing problem is that the derivative of the log likelihood is a non-
zero constant.

Chapter 5 discusses unbiased and invariant tests. This proceeds with the usual
discussion of similarity and Neyman structure, illustrated with several examples.
The sojourn into invariant testing gives illustrations of the potential pitfalls of this
approach. Locally best tests are developed followed by the construction of likeli-
hood ratio tests (LRT). An example of a worse-than-useless LRT is given. It is
suggested that pre-trial test evaluation may be inappropriate for post-trial evalu-
ation. Criticisms of the NP theory of testing are given and illustrated and the chapter
ends with a discussion of the sequential probability ratio test.

Chapter 6 introduces Bayesianism and shows that Bayesian testing for a simple
versus simple hypotheses is consistent. Problems with point null and composite
alternatives are discussed through illustrations. Issues related to prior selection in
binomial problems are discussed followed by a presentation of de Finetti’s theorem
for binary variates. This is followed by de Finetti’s proof of coherence of the
Bayesian method in betting on horse races, which is presented as a metaphor for
making statistical inferences. The chapter concludes with a discussion of Bayesian
model selection.

Chapter 7 gives an in-depth discussion of various theories of estimation. Defi-
nitions of consistency, including Fisher’s, are introduced and illustrated by example.
Lower bounds on the variance of estimators, including those of Cramer-Rao and
Bhattacharya, are derived and discussed. The concepts of efficiency and Fisher
information are developed and thoroughly discussed followed by the presentation
of the Blackwell-Rao result and Bayesian sufficiency. Then a thorough development
of the theory of maximum likelihood estimation is presented, and the chapter
concludes with a discussion of the implications regarding relationships among the
various statistical principles.

The last chapter, Chapter 8, develops set and interval estimation. A quite general
method of obtaining a frequentist confidence set is presented and illustrated, fol-
lowed by discussion of criteria for developing intervals including the concept of
conditioning on relevant subsets, which was originally introduced by Fisher. The
use of conditioning is illustrated by Fisher’s famous “Problem of the Nile.” Bayesian
interval estimation is then developed and illustrated, followed by development of
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Fisher’s fiducial inference and a rather thorough comparison between it and
Bayesian inference. The chapter and the book conclude with two complex but rel-
evant illustrations, first the Fisher-Behrens problem, which considered inferences
for the difference in means for the two sample normal problem with unequal var-
iances, and the second, the Fieller-Creasy problem in the same setting but making
inferences about the ratio of two means.

Seymour Geisser received his bachelor’s degree in Mathematics from the City
College of New York in 1950, and his M.A. and Ph.D. degrees in Mathematical Stat-
istics at the University of North Carolina in 1952 and 1955, respectively. He then
held positions at the National Bureau of Standards and the National Institute of
Mental Health until 1961. From 1961 until 1965 he was Chief of the Biometry Sec-
tion at the National Institute of Arthritis and Metabolic Diseases, and also held the
position of Professorial Lecturer at the George Washington University from 1960 to
1965. From 1965 to 1970, he was the founding Chair of the Department of Statistics
at SUNY, Buffalo, and in 1971 he became the founding Director of the School of
Statistics at the University of Minnesota, remaining in that position until 2001.
He was a Fellow of the Institute of Mathematical Statistics and the American Stat-
istical Association.

Seymour authored or co-authored 176 scientific articles, discussions, book
reviews and books over his career. He pioneered several important areas of statisti-
cal endeavor. He and Mervyn Stone simultaneously and independently invented the
statistical method called “cross-validation,” which is used for validating statistical
models. He pioneered the areas of Bayesian Multivariate Analysis and Discrimi-
nation, Bayesian diagnostics for statistical prediction and estimation models, Baye-
sian interim analysis, testing for Hardy-Weinberg Equilibrium using forensic DNA
data, and the optimal administration of multiple diagnostic screening tests.

Professor Geisser was primarily noted for his sustained focus on prediction in
Statistics. This began with his work on Bayesian classification. Most of his work
in this area is summarized in his monograph Predictive Inference: An Introduction.
The essence of his argument was that Statistics should focus on observable quan-
tities rather than on unobservable parameters that often don’t exist and have been
incorporated largely for convenience. He argued that the success of a statistical
model should be measured by the quality of the predictions made from it.

Seymour was proud of his role in the development of the University of Minnesota
School of Statistics and it’s graduate program. He was substantially responsible for
creating an educational environment that valued the foundations of Statistics beyond
mere technical expertise.

Two special conferences were convened to honor the contributions of Seymour to
the field of Statistics. The first was held at the National Chiao Tung University of
Taiwan in December of 1995, and the second was held at the University of
Minnesota in May of 2002. In conjunction with the former conference, a special
volume entitled Modeling and Prediction: Honoring Seymour Geisser, was
published in 1996.

His life’s work exemplifies the presentation of thoughtful, principled, reasoned,
and coherent statistical methods to be used in the search for scientific truth.
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In January of 2004, Ron Christensen and I met with Seymour to tape a conversa-
tion with him that has subsequently been submitted to the journal “Statistical
Science” for publication. The following quotes are relevant to his approach to the
field of statistics in general and are particularly relevant to his writing of “Modes.”

I was particularly influenced by George Barnard. I always read his papers. He
had a great way of writing. Excellent prose. And he was essentially trained in
Philosophy—in Logic—at Cambridge. Of all of the people who influenced me,
I would say that he was probably the most influential. He was the one that was
interested in foundations.

It always seemed to me that prediction was critical to modern science. There are
really two parts, especially for Statistics. There is description; that is, you are
trying to describe and model some sort of process, which will never be true
and essentially you introduce lots of artifacts into that sort of thing. Prediction
is the one thing you can really talk about, in a sense, because what you predict
will either happen or not happen and you will know exactly where you stand,
whether you predicted the phenomenon or not. Of course, Statistics is the so
called science of uncertainty, essentially prediction, trying to know something
about what is going to happen and what has happened that you don’t know
about. This is true in science too. Science changes when predictions do not
come true.

Fisher was the master genius in Statistics and his major contributions, in some
sense, were the methodologies that needed to be introduced, his thoughts about
what inference is, and what the foundations of Statistics were to be. With regard
to Neyman, he came out of Mathematics and his ideas were to make Statistics a
real mathematical science and attempt to develop precise methods that would
hold up under any mathematical set up, especially his confidence intervals
and estimation theory. I believe that is what he tried to do. He also originally
tried to show that Fisher’s fiducial intervals were essentially confidence inter-
vals and later decided that they were quite different. Fisher also said that they
were quite different. Essentially, the thing about Neyman is that he introduced,
much more widely, the idea of proving things mathematically. In developing
mathematical structures into the statistical enterprise.

Jeffreys had a quite different view of probability and statistics. One of the inter-
esting things about Jeffreys is that he thought his most important contribution
was significance testing, which drove [Jerry Cornfield] crazy because, “That’s
going to be the least important end of statistics.” But Jeffreys really brought
back the Bayesian point of view. He had a view that you could have an objec-
tive type Bayesian situation where you could devise a prior that was more or
less reasonable for the problem and, certainly with a large number of obser-
vations, the prior would be washed out anyway. I think that was his most
important contribution — the rejuvenation of the Bayesian approach before
anyone else in statistics through his book, Probability Theory. Savage was
the one that brought Bayesianism to the States and that is where it spread from.
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« My two favorite books, that I look at quite frequently, are Fisher’s Statistical
Method in Scientific Inference and Cramér [Mathematical Methods of Stat-
istics]. Those are the two books that I’'ve learned the most from. The one,
Cramér, for the mathematics of Statistics, and from Fisher, thinking about
the philosophical underpinnings of what Statistics was all about. I still read
those books. There always seems to be something in there I missed the first
time, the second time, the third time.

In conclusion, I would like to say that it was truly an honor to have been mentored by
Seymour. He was a large inspiration to me in no small part due to his focus on
foundations which has served me well in my career. He was one of the giants in
Statistics. He was also a great friend and I miss him, and his wit, very much. In keep-
ing with what I am quite certain would be his wishes, I would like to dedicate his
book for him to another great friend and certainly the one true love of his life, his
companion and his occasional foil, his wife Anne Geisser.

The Department of Statistics at the University of Minnesota has established the
Seymour Geisser Lectureship in Statistics. Each year, starting in the fall of
2005, an individual will be named the Seymour Geisser Lecturer for that year and
will be invited to give a special lecture. Individuals will be selected on the basis
of excellence in statistical endeavor and their corresponding contributions to
science, both Statistical and otherwise. For more information, visit the University
of Minnesota Department of Statistics web page, www.stat.umn.edu and click on
the SGLS icon.

Finally, Seymour would have wished to thank Dana Tinsley, who is responsible
for typing the manuscript, and Barb Bennie, Ron Neath and Laura Pontiggia, who
commented on various versions of the manuscript. I thank Adam Branseum for
converting Seymour’s hand drawn figure to a computer drawn version.

WESLEY O. JOHNSON



CHAPTER ONE

A Forerunner

1.1 PROBABILISTIC INFERENCE—AN EARLY EXAMPLE

An early use of inferred probabilistic reasoning is described by Rabinovitch
(1970).

In the Book of Numbers, Chapter 18, verse 5, there is a biblical injunction which
enjoins the father to redeem his wife’s first-born male child by payment of five
pieces of silver to a priest (Laws of First Fruits). In the 12th Century the theologian,
physician and philosopher, Maimonides addressed himself to the following pro-
blem with a solution. Suppose one or more women have given birth to a number
of children and the order of birth is unknown, nor is it known how many children
each mother bore, nor which child belongs to which mother. What is the
probability that a particular woman bore boys and girls in a specified sequence?
(All permutations are assumed equally likely and the chances of male or female
births is equal.)

Maimonides ruled as follows: Two wives of different husbands, one primiparous
(P) (a woman who has given birth to her first child) and one not (13). Let H be the
event that the husband of P pays the priest. If they gave birth to two males (and
they were mixed up), P(H)=1 — if they bore a male (M) and a female
(F) — P(H) = 0 (since the probability is only 1/2 that the primipara gave birth to
the boy). Now if they bore 2 males and a female, P(H) = 1.

Case 1 (P) @ Case 2 (P) @

M,M M M M,F M F
F M
P(H) = 1 P(H) =1

Modes of Parametric Statistical Inference, by Seymour Geisser
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Case3 (P
M, M, F M, M
F, M
M, F
F
M
M

)
F
M
M

M, M

F,M

M, F

A FORERUNNER

PAYMENT
Yes  No
v
v
v
v
v
v

P(H) =2

Maimonides ruled that the husband of P pays in Case 3. This indicates that a
probability of 2/3 is sufficient for the priest to receive his 5 pieces of silver but
1/2 is not. This leaves a gap in which the minimum probability is determined for

payment.

What has been illustrated here is that the conception of equally likely events,
independence of events, and the use of probability in making decisions were not
unknown during the 12th century, although it took many additional centuries to
understand the use of sampling in determining probabilities.

REFERENCES

Rabinovitch, N. L. (1970). Studies in the history of probability and statistics, XXIV
Combinations and probability in rabbinic literature. Biometrika, 57, 203—205.



CHAPTER TWO

Frequentist Analysis

This chapter discusses and illustrates the fundamental principles of frequentist-
based inferences. Frequentist analysisis and, in particular, significance testing, are
illustrated with historical examples.

2.1 TESTING USING RELATIVE FREQUENCY

One of the earliest uses of relative frequency to test a Hypothesis was made by
Arbuthnot (1710), who questioned whether the births were equally likely to be
male or female. He had available the births from London for 82 years. In every
year male births exceeded females. Then he tested the hypothesis that there is an
even chance whether a birth is male or female or the probability p = % Given this
hypothesis he calculated the chance of getting all 82 years of male exceedances
(%)82. Being that this is basically infinitesimal, the hypothesis was rejected. It is
not clear how he would have argued if some other result had occurred since any par-
ticular result is small—the largest for equal numbers of male and female excee-
dances is less than %.

2.2 PRINCIPLES GUIDING FREQUENTISM

Classical statistical inference is based on relative frequency considerations. A
particular formal expression is given by Cox and Hinkley (1974) as follows:
Repeated Sampling Principle. Statistical procedures are to be assessed by their
behavior in hypothetical repetition under the same conditions.
Two facets:

1. Measures of uncertainty are to be interpreted as hypothetical frequencies in
long run repetitions.

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.



4 FREQUENTIST ANALYSIS

2. Criteria of optimality are to be formulated in terms of sensitive behavior in
hypothetical repetitions.

(Question: What is the appropriate space which generates these hypothetical
repetitions? Is it the sample space S or some other reference set?)

Restricted (Weak) Repeated Sampling Principle. Do not use a procedure which
for some possible parameter values gives, in hypothetical repetitions, misleading
conclusions most of the time (too vague and imprecise to be constructive). The
argument for repeated sampling ensures a physical meaning for the quantities
we calculate and that it ensures a close relation between the analysis we make
and the underlying model which is regarded as representing the “true” state of
affairs.

An early form of frequentist inferences were Tests of Significance. They were
long in use before their logical grounds were given by Fisher (1956b) and further
elaborated by Barnard (unpublished lectures).

Prior assumption: There is a null hypothesis with no discernible alternatives.

Features of a significance test (Fisher—Barnard)

1. A significance test procedure requires a reference set R (not necessarily the
entire sample space) of possible results comparable with the observed result
X = xo which also belongs to R.

2. A ranking of all possible results in R in order of their significance or meaning
or departure from a null hypothesis H,. More specifically we adopt a criterion
T(X) such that if x; > x, (where x; departs further in rank than x, both
elements of the reference set R) then T(x;) > T(x,) [if there is doubt about
the ranking then there will be corresponding doubt about how the results of
the significance test should be interpreted].

3. H, specifies a probability distribution for 7(X). We then evaluate the observed
result xy and the null hypothesis.

P(T(X) > T(xp) | Hy) = level of significance or P-value and when this level is
small this leads “logically” to a simple disjunction that either:

a) Hj is true but an event whose probability is small has occurred, or
b) Hj is false.

Interpretation of the Test:

The test of significance indicates whether Hy is consistent with the data and the
fact that an hypothesis is not significant merely implies that the data do not supply
evidence against Hy and that a rejected hypothesis is very provisional. New evidence
is always admissible. The test makes no statement about how the probability of Hy is
made. “No single test of significance by itself can ever establish the existence of Hy
or on the other hand prove that it is false because an event of small probability will
occur with no more and no less than its proper frequency, however much we may be
surprised it happened to us.”
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2.3 FURTHER REMARKS ON TESTS OF SIGNIFICANCE

The claim for significance tests are for those cases where alternative hypotheses are
not sensible. Note that Goodness-of-Fit tests fall into this category, that is, Do the data
fit a normal distribution? Here Hj is merely a family of distributions rather than a
specification of parameter values. Note also that a test of significance considers not
only the event that occurred but essentially puts equal weight on more discrepent
events that did not occur as opposed to a test which only considers what did occur.

A poignant criticism of Fisherian significance testing is made by Jeffreys (1961).
He said

What the use of the P implies, therefore, is that a hypothesis that may be true may be
rejected because it has not predicted observable results that have not occurred.

Fisher (1956b) gave as an example of a pure test of significance the following by
commenting on the work of astronomer J. Michell. Michell supposed that there were
in all 1500 stars of the required magnitude and sought to calculate the probability, on
the hypothesis that they are individually distributed at random, that any one of them
should have five neighbors within a distance of @ minutes of arc from it. Fisher found
the details of Michell’s calculation obscure, and suggested the following argument.

“The fraction of the celestial sphere within a circle of radius @ minutes is, to a satisfactory
approximation,

a 2
p= (6875.5) :
in which the denominator of the fraction within brackets is the number of minutes in two
radians. So, if a is 49, the number of minutes from Maia to its fifth nearest neighbor, Atlas,
we have
_ 1 1
T (140.316) 19689

p

Out of 1499 stars other than Maia of the requisite magnitude the expected number
within this distance is therefore
1499 1

-7 — 07613.
™= 19689 ~ 13.1345 V7013

The frequency with which five stars should fall within the prescribed area is then given
approximately by the term of the Poisson series

5
—m M

e ? .
or, about 1 in 50,000,000, the probabilities of having 6 or more close neighbors adding
very little to this frequency. Since 1500 stars each have this probability of being the
center of such a close cluster of 6, although these probabilities are not strictly independent,
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the probability that among them any one fulfills the condition cannot be far from 30 in a
million, or 1 in 33,000. Michell arrived at a chance of only 1 in 500,000, but the higher
probability obtained by the calculations indicated above is amply low enough to exclude
at a high level of significance any theory involving a random distribution.”

With regard to the usual significance test using the ‘“student” #, H, is that the
distribution is normally distributed with an hypothesized mean w = w,, and
unknown variance 0. Rejection can imply that u # u, or the distribution is not
normal or both.

REFERENCES
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CHAPTER THREE

Likelihood

In this chapter the law of likelihood and other likelihood principles are evoked and
issues related to significance testing under different sampling models are discussed.
It is illustrated how different models that generate the same likelihood function can
result in different frequentist statistical inferences. A simple versus simple likeli-
hood test is illustrated with genetic data. Other principles are also briefly raised
and their relationship to the likelihood principle described.

3.1 LAW OF LIKELIHOOD

Another form of parametric inference uses the likelihood—the probability of data D
given an hypothesis H or f(D|H) = L(H|D) where H may be varied for given D. A
critical distinction of how one views the two sides of the above equation is that prob-
ability is a set function while likelihood is a point function.

Law of Likelihood (LL): cf. Hacking (1965) If f(D|H;) > f(D|H;) then H is better
supported by the data D than is H,. Hence, when dealing with a probability function
indexed by 0, f(D|6) = L(6) is a measure of relative support for varying 6 given D.

Properties of L as a Measure of Support

1. Transitivity: Let H; > H, indicate that H, is better supported than H,. Then
H, = H, and H, = H; = H, > Hj.

2. Combinability: Relative support for H; versus H, from independent experi-
ments £, and £ can be combined, eg. let D; € £;,D; € &,,D = (D1, D;).
Then

Lg, &,(H{|D) _ Lg (H,|Dy) » Le,(H{|D>)
Lg, e,(H2|D)  Lg (H2|Dy)  Le,(Ha|Ds)

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.
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3. Invariance of relative support under 1—1 transformations g(D):
Let D' = g(D). For g(D) differentiable and f a continuous probability density

dg(D)| ™
L) = fo 1) = fo011 S

SO

L(H||D) _ fo(D'|Hy) _ fo(D|Hy)
L(H|D')  fo(D'|Hy)  fp(DIH>) "

For f discrete the result is obvious.

4. Invariance of relative support under 1—1 transformation of H:
Assume H refers to # € O and let 7 = A(6) and A~ '(n) = 6. Then

L(6|D) = L(h™'(n)|D) = L(n|D).
Moreover, with m; = h(6,), 6; = h~'(n,),

L(6:|D) _ L('(mpID) _ L(n,ID)
L(62|D) — L' (my)ID) — L(m,|D)’

Suppose the likelihood is a function of more than one parameter, say 6 = (8, ).
Consider H : B = B, vs. H, : B = 3, while vy is unspecified. Then if the likelihood
factors, that is,

L(B, v) = L(B)L(y),

then

L(B;, v) _ L(By)
LBy, v  L(B)

and there is no difficulty. Now suppose L(3, y) does not factor so that what you infer
about 3, versus 3, depends on 7. Certain approximations however may hold if

LB, v) =f1(B) (v) B, V)

and f3(B, y) is a slowly varying function of 8 for all . Here

L(B;, v) _ fi(By) % S(B1s Y
LBy, v)  filBy)  f3(Bas y)
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and the last ratio on the right-hand side above is fairly constant for 8, and 8, and all
plausible y. Then the law of Likelihood for H, versus H; holds almost irrespective of

v and serves as an approximate ratio. If the above does not hold and L(f, y) can be
transformed

By =hi(e 8), v=h(e ),
resulting in a factorization
L(h1, hy) = L(e)L(9),

then likelihood inference can be made on either € or & separately if they are relevant.
Further if this does not hold but

L(B, v) = L(h, hy) = fi(e€) f2(0) f3(€, 6),
where f3 is a slowly-varying function of € for all & then approximately

L(ei, ) _ filer)
Lie, 8) file)’

A weighted likelihood may also be used as an approximation, namely,

e = JL(B, PeVdy.

where g(7) is some “appropriate” weight function and one uses as an approximate
likelihood ratio

L(B,)
LB,

Other proposals include the profile likelihood,

sup L(B, ) = L(B, B, D)),
Y

that is, the likelihood is maximized for y as a function of 8 and data D. We then
compare

L(By, ¥(By, D)
LBy, ¥(By, D)’
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For further approximations that involve marginal and conditional likelihood see
Kalbfleisch and Sprott (1970).

Example 3.1

The following is an analysis of an experiment to test whether individuals with at least
one non-secretor allele made them susceptible to rheumatic fever, (Dublin et al.,
1964). At the time of this experiment discrimination between homozygous and hetero-
zygous secretors was not possible. They studied offspring of rheumatic secretors (RS)
and normal non-secretors (Ns). Table 3.1 presents data discussed in that study.

The simple null and alternative hypotheses considered were:

Hy: Distribution of rheumatic secretors S whose genotypes are Ss or SS by
random mating given by the Hardy-Weinberg Law.

H,: Non-secreting s gene possessed in single or double dose, that is, Ss or ss,
makes one susceptible to rheumatic fever, that is, SS not susceptible.

Probabilities for all possible categories calculated under these hypotheses are
listed in Table 3.1.

To assess the evidence supplied by the data as to the weight of support of H,
versus H; we calculate:

LHoD) _ P1 Pl =™ ™ o
LIHD) (o pli=p™ "
k#7,8

where

Pro = probability that, out of k offspring from an RS x Ns family, at least one off-
spring will be a non-secretor ss given a random mating (Hardy-Weinberg law).

Table 3.1: Secretor Status and Rheumatic Fever

RS x Ns Expected Proportion
# of # of Families # of Susceptible
Offspring with k Segregating Random to Rheumatic
per Family Offspring Families for s Obs Prob Mating Fever

k Ny Tk 7%/ Ni Ho : pio H @ pu

1 16 4 .250 354 .500

2 32 15 469 .530 750

3 21 11 .524 .618 .875

4 11 9 .818 .663 938

5 5 3 .600 .685 .969

6 3 2 .667 .696 .984

9 1 1 1.000 706 .998
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Px1 = probability that, out of k offspring from an RS x Ns family, at least one
offspring will be a non-secretor ss given that all S phenotypes were of the
Ss genotype.

From population data, it is known that, among rheumatics, the fraction of secre-
tors S is P(S) = P(SS) + P(Ss) = 0.701 and the fraction of nonsecretors is P(ss) =
0.299. By applying the Hardy-Weinberg (H-W) law, probabilities for genotypes
under random mating are given as:

SS Ss ss
pP* 29 ¢*’
and thus since g =0.299, we have ¢ = .54681 and p = .45319, so that

P(S) = 0.20539 +0.49561 = 0.701 and moreover, P(Ss|S) = 550 = 042361 —
0.707, and similarly P(SS|S) = 0.293.

Then under H,
Relative frequency | RS x Ns | Offspring
107 ‘ Ss X 8§ ’ %Ss %ss
293 SS x ss Ss

that is, among those families with a secretor (S) and a nonsecretor (ss), there is a
0.707 chance that they will be paired with an Ss and 0.293 probability that they
will be paired with an ss. Then the offspring in the former case is equally likely
to inherit Ss or ss, and in the latter case, they must inherit Ss. The probability of
an ss offspring is thus 0.707 x%: 0.354. The probability of one or more ss
offspring out of k is thus 0.707(1 — (1)").

Under H;,

Under H, ‘ RS x Ns

. 1 1
Ss X s§ ‘ 2Ss 388

So the probability of an ss offspring is % and the probability of one or more ss
offspring out of k is 1 — (1)~.
3.2 FORMS OF THE LIKELIHOOD PRINCIPLE (LP)

The model for experiment £ consists of a sample space S and a parameter space 0, a
measure u, and a family of probability functions f : S x ® — R™ such that for all
e O

Lfd,u:l.
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1. Unrestricted LP (ULP)

For two such experiments modeled as £ = (S, u, ©,f) and & = (S, w, 0, 1),
and for realization D € Sand D' € §, if

f(D16) = gD, D) f'(D'|§) forg >0

for all 0 and the choice of &£ or & is uniformative with regard to 6, then the
evidence or inferential content or information concerning 6, all denoted by
Inf is such that

Inf(€,D) = Inf(&, D).

Note this implies that all of the statistical evidence provided by the data is con-
veyed by the likelihood function. There is an often useful extension, namely,
when 0 = (61, 6), 8 = h(61, 6,), O, = k(6y, 6,), and

f(DI0) = gD, D', &) f'(D'] &),

then Inf(€, D) = Inf(£', D) concerning §,.

. Weakly restricted LP (RLP)

LP is applicable whenever a) (S, w, ©,1) = (8, &/, 0,f") and b) (S, u, O,f) #
(8, W, 0,f) when there are no structural features of (S, w, ®,f) which have
inferential relevance and which are not present in (S, u’, ©,1).

. Strongly restricted LP (SLP)

Applicable only when (S, u, ©,1) = (5, ', ©,f).

4. Extended LP (ELP)

When 6= (p,y) and f(D,D'|p,y) = g(D,D'|p)f'(D'|y) it is plausible to
extend LP to

Inf(€, D) = Inf(E, D),

concerning p assuming p and vy are unrelated.

To quote Groucho Marx, “These are my principles and if you don’t like them I have
others,” see Sections 3.6 and 7.12.

In summary LP and law of likelihood (LL) assert that all the information or

evidence which data provide concerning the relative plausibility of H, and H, is
contained in the likelihood function and the ratio is to be defined as the degree to
which H, is supported (or the plausibility) relative to H, given D with the caution
concerning which form of LP is applicable.

The exposition here leans on the work of Barnard et al. (1962), Barnard and

Sprott (1971), Hacking (1965), and Birnbaum (1962).
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3.3 LIKELIHOOD AND SIGNIFICANCE TESTING

We now compare the use of likelihood analysis with a significance test. Suppose we
are only told that in a series of independent and identically distributed binary trials
there were r successes and n — r failures, and the sampling was conducted in one of
three ways:

1. The number of trials was fixed at n.
2. Sampling was stopped at the rth success.
3. Sampling was stopped when n — r failures were obtained.

Now while the three sampling probabilities differ they all have the same likelihood:
L=p'(1—-p""

The probabilities of r successes and n — r failures under these sampling
methods are:

n
fn=< )L r=0,1,2,...,n
,

n—1
fn,:< )L n=r+1,r+2,...

where f, denotes the probability where subscript a is fixed for sampling.

Example 3.2

Suppose the data given are r = 1, n=15. Then a simple test of significance for
Hy:p= % vs. p < % depends critically on the sampling distribution, since

= () -5

4
P,=PIN=5lr=1]=1-P\N <4r=1)=1-) Palr=1)

n=1

=1 —[P[N = 1]+ P[N = 2] + P[N = 3] + P(N = 4)]

R GRS
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L\ /1\2 3
)6 +( ) (2>< }
= (1—1-%4-3):1—2:3.
4 8 16 16 16
Here significance testing provides three different P values but adherence to LP

would require making the same inference assuming no structural features having
inferential relevance.

34 THE 2 x 2 TABLE

If we are dealing with the classical 2 x 2 table, then the random values within
Table 3.2 have the multinomial probability function

Jo=f(r1, ro, ny — 11, ny — 1)

" (3.4.1)

rr iy —ry r  Nna—r

PPz PaPn s
r,r,n —r,n—n

subject to the four arguments summing to 7 and ) _; ;pij = 1, with prescribed sample
size n. Let

P P21

ph=—""—"H P2=—"—-
piL +pi2 P21 +p2

Table 3.2: Classical 2 X 2 Table

A A
B P P12 P1
r n—n n
B P21 P22 P2
L] Ny — 1 ns
r P n—r )23 n 1
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L. Independence: p11 = p1.p.1, p12 = p1.p-2, P21 = P2.p-1, P22 =P2.P2
1I. Equality: p1 = p»

It is easy to show that / holds if and only if /I holds.
Large Sample Test—Chi-Square test

X* = n[ri(ny — r2) — ra(ny — r)*/rana(n — )

is x* with one degree of freedom asymptotically whether the sampling distribution is
multinomial or independent binomials. Note that

o =f(r1, m2lng, n)f (ny|n)

ny r ny—ri ny r o1 n . " (342)
=< )Pl‘ﬂ—m)‘ ( )pf(l—pzw ( )VI(l—y)z,
4 ) n

where y = p1 + p12 = p1.

Inference about a function, g(p;, p»), will be the same from f,, as from the first
two factors of the right-hand side of (3.4.2) by invoking the extension of the
usual Likelihood Principle, ELP.

If we now condition one of the other marginal sums, say r = r| + r,, thenn — ris
also fixed and we have a conditional on all of the marginals. This yields

f(rllr,nl,nz)=(::)(r_rl>~lf" Z(”')( )\IN (3.4.3)

where b = min(r, n;) and a = max(r — n,, 0) and ¥ = p{(1 — p,)/p2(1 — p1). Note
that ¥ =1 lffpl = p2.

This was originally proposed by Fisher who provided us with the exact test under
Hy : ¥ =1 determined from the hypergeometric probability function,

Fr) = (ﬁ)(rﬁzrl)/(’;) (3.4.4)

Note that the likelihood for the independent binomials depends on two parameters
and cannot be factored, that is, for /B representing independent binomials,

v
fi = <Z:)<7§>\p(1 )" 'p /(1 + 1”2 p2> (3.4.5)

and therefore LP is violated when using (3.4.3). Hence Fisher’s exact test loses some
information if the sampling situation started out as a multinomial or two independent
binomials.
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Table 3.3: A 2 X 2 Table

~N
W | O W

Barnard (1945) provided the example shown in Table 3.3, where S = survived,
D = died, T = treatment, C = control, and where Hy : T = C versus H, : T > C.
For this table, assuming sampling was from two independent binomial distributions
where H : p; = p, we obtain

f(r1, malp) = <r31 )(é)p’(l —p)°.

The possible events are given in Table 3.4 for this type of sample: Events 4, 7, 10,
and 13 belong to the reference set associated with the hypergeometric probability
function, and

PU3) = —— = — (3.4.6)

1 1
6 20°
3

1 6
P(13) = p’(1 —p)* < (5) =—. (3.4.7)

Now for independent binomials,

So one might argue that the P-value was not more than é. Although Barnard
(1945) originally proposed this view he later recanted in favor of the hypergeometric
P-value of %, which was favored by Fisher.

Consider the following problem: A laboratory claims its diagnoses are better than
random. The laboratory is tested by presenting it with n test specimens and is told
that n; of the n, are positive and n, are negative. The laboratory will divide its results
such that n; are positive and n, are negative. Suppose their results say that r; of the
ny are positive and n; — ry are negative, while among the negative n, the laboratory
will divide its results as saying n; — ry are positive which leaves n, — n; +ry as
negative. Table 3.5 illustrates the situation. The null and alternative hypotheses
are: Hy: the results are random; H;: the results are better than random.

Under H:
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Table 3.4: 2 X 2 Tables

(1) (2) 3) “4)
SD SD SD SD
T 03 03 03 03 3
C 03 12 21 30 3
06 15 24 33 6
# of ways ! 3 3 ! 8
Probability (1-p° p(—pyY p*1-p* p’d-p)’
(5) (6) (7 ®)
T 12 12 12 12 3
C 03 12 21 30 3
15 24 33 42 6
# of ways 3 9 9 3 24
Probability | p(1—p)° p’(—p* p’-p)’ p'd-p)’
©) (10) (11) (12)
T 21 21 21 21 3
C 03 12 21 30 3
24 33 42 51 6
# of ways 3 0 ? 3 24
Probability | p(1 —p)* p’A—p)’ p*a-p? p°(1—p)
(13) (14) (15) (16)
T 30 30 30 30 3
C 03 12 21 30 3
33 42 51 60 6
# of ways 1 3 3 1 8
Probability | p’(1 —p)* p*d—-p? p°(1—p) p°
Forny =5,n,=3,r, =4, r, =1, we obtain
(5)6) ()0
P =5 =~ o —y =R D
(5) (s)
5 3 5 3
()G)_» ()G) _w
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Table 3.5: Laboratory Positives and Negatives

Laboratory reports

positive negative
positive T ny—n n
True
negative | n;—r; Ny — N+ 1 n
np ny n

Observing r; = 5 yields P < 0.02 provides evidence for rejecting H.
Fisher’s Tea—Taster (1935): A woman claimed she could tell whether the milk (M)
was poured into the tea (T) or the tea into the milk. Fisher’s proposed test was to
have 4 cups such that T — M and 4 cups M — T. The Tea Taster was told the
situation and she was to divide the cups. Table 3.6 illustrates this.

We calculate the various possibilities,
4\ /4
2/\2 36

(j)(g) ! C)C)_m P@) =125

P4 =222 — — P(3)=

<8) 70° 70 70’ 70 70’
4

(1)() (5)()

1/\3 16 0/\4 1
P(l)ZTZ%’ P(O)ZTZ%-

If the Tea—Taster correctly identified all the cups, the chance of this happening
under a null hypothesis of random guessing is P = % which presumably would pro-
vide evidence against the null hypothesis of random guessing.

3.5 SAMPLING ISSUES

There are many other ways of sampling that can lead to a 2 x 2 table. For example,
we can allow n to be random (negative multinomial sampling) and condition on any

Table 3.6: The Lady Tasting Tea

Tea—Taster Assertion
T—M M-—>T
Actual T—>M 7 4—r

Occurrence M—>T 4—-r ry
4 4 8




3.5 SAMPLING ISSUES 19

one of the marginals or tabular entries. Suppose then for n random we sample until a
fixed value of n; is achieved. We then find

S =f(r1, 2,0 ny) = f(r, r2 | ng, n)f(nny)

n r ny—r n 19 ny—r; I’l—l n
= pid—p)" py(1 —p2)=™" Y —y".
r r I’ll—l

(3.5.1)

However, the likelihood for p; and p, is still the same, although the overall
sampling distribution is obviously different than the usual multinomial. Hence infer-
ence about functions of p; and p,, according to the ELP, is still the same as when we
assumed multinomial sampling.

Negative multinomial sampling can also occur if one sampled » until a fixed r is
achieved. In this case we get

fr=f@r,n,n | 1) =f(ny,ny | ri, r)f(ry | 1)

np—1 r ny—r np —1 ) - T r r
- pi(L =y et —p (" )a(1 = ay,
rl—l r2—1 "

(3.5.2)

where a = py,/(p11 + p21).

Although the likelihood for p; and p, arises from two independent negative bino-
mials it is the same as in the positive multinomial and the independent binomials
case. However, a frequentist can condition on n; + n, yielding a sampling prob-
ability function

fylr, r,n= (nl_l)

b , ;
n—n; —1 1 j—1 n—j—1Y\,;
() JEGTRE e e

where a = min(ry,n — ), b=n—r, and 6 = (1 —p;/1 — p»), that is, the ratio
of the failure probabilities. Here the parametrization differs from (3.4.3-3.4.5)
and the likelihood from (3.5.2) which is also the likelihood for independent nega-
tive binomials. Again the ELP is not sustained. Since 6 =1 is equivalent to
p1 = p>, we have a frequentist significance test based on the negative hyper-

geometric distribution,
n —1 n—n;—1
ry — 1 Iy — 1
. (3.5.4)

flry, ra,n) =
n—1
<7‘1 +rp — l)
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The “Mixed” Sampling Case

Another negative multinomial sampling approach stops when ry, say, attains a given
value. Here

fr =f(r2, ni,nlr) = fGra, nlny, r)f (ng | r1)
= f(ni | r)f (raIn,ny, r)f(n|ng, ry)

n _1 r n—r n
= pid—p)"
r —1 rn

-1
X p2(1 —py)7" (:1 . )V"(l — ), (3.5.5)

Again, the likelihood for p; and p, is preserved for inference that respects
ELP but here we now encounter a difficulty for conditional frequentist inference
regarding p; and p,. What does one condition on to obtain an exact significance
test on p; = p,? Of course, this problem would also occur when we start with
one sample that is binomial, say, a control, and the other negative binomial,
for say a new treatment where one would like to stop the latter trial after a
given number of failures. Note that this problem would persist for f.,, fu,—r
and f,,_,,. Hence in these four cases there is no exact conditional Fisher type
test for p; = p».

Next we examine these issues for the 2 x 2 table. Here we list the various ways
one can sample in constructing a 2 x 2 table such that one of the nine values is fixed,
that is, when that value appears sampling ceases. For 7 out of the 9 cases the entire
likelihood is the same, where

2
L=y"( =" [ [P =p)"™ = L)L(p1,p2) (3.5.6)
i—1

with sampling probabilities

=)0 G-
r rn nj
n no n—1

Sy :( )( >< )LZf(Vhrz,nVll)
r r m—1

= f(r1, r2|n,n)f (n|ny),

ny no n—1
Jny = ( )( )( )L = f(r1, 2|n2, n)f (nlna),
rt r ny —1
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n —1 no n—1
I =< )( )( )sz("z, ny, nlry)
ry — 1 rn ny — 1
= f(r2, nlny, r)f (nqlry)
= f(r2|ny, ri, m)f(ning, ry) - f(ny|ry),
n n —1 n—1
f = <r1><r2—1><n2—1)L’

nm—1 n n—1
ﬁn—r,z L,
nl—rl—l mn I’l]-l
ny n, — 1 n—1
we= ()G G
r nz—l’z—l l’l2—1

The other two, whose total likelihoods differ from the above, are still equivalent
to the above for inference on (p,, p,) by the virtue of the ELP.

n —1 }’lz—l r .
/= ( )( )( )L(Pl,pz)a"(l —a)” = f(r, m, m|r)
r — 1 rn — 1 r

= f(n1, malry, r2) f(r1lr),

n—1 n, — 1 n—r
fn—r -
nm—r—1 n—r—1 n—rn
X L(p1,p2)B" " (1 — B)=".

3.6 OTHER PRINCIPLES

1. Restricted Conditionality Principle RCP: Same preliminaries as LP.
E=(S, u, 6,f) is a mixture of experiments &; = (S;, w;, 0, f;) with mixture
probabilities g; independent of 6. First we randomly select £; or £, with prob-
abilities ¢y and ¢, = 1 — g1, and then perform the chosen experiment &;. Then
we recognize the sample D = (i, D;) and f(D|6) = q;f;(D;|0),i = 1,2. Then
RCP asserts Inf(€, D) = Inf(&;, D;).

Definition of Ancillary Statistic: A statistic C = C(D) is ancillary with respect to
0 if fc(c| ) is independent of 6, so that an ancillary is non-informative about 6.
C(D) maps S — S, where each ¢ € S, defines S, = (D|C(D) = c). Define the
conditional experiment Ep;c = (S¢, w, 0,fpjc(D|c)), and the marginal exper-
iment E¢c = (S., u, 0,fc(c)), where £c = sample from S, or sample from S
and observe ¢ and £pc = conditional on C = ¢, sample from S..

2. Unrestricted Conditionality Principle (UCP): When C is an ancillary
Inf(&, D) = Inf(Ep|c, D) concerning 6. It is as if we performed £¢ and then
performed Epc.
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3. Mathematical Equivalence Principle (MEP): For asingle &, if fforall 6 € ©
is such that f(D|6) = f(D’|6) then

Inf(€, D) = Inf(€,D").

Note this is just a special case of ULP.

We show that ULP <« (RCP,MEP). First assume ULP, so that Inf(&, D) =
Inf(£',D’). Now suppose f(D|6) =f(D'|6), then apply ULP so Inf(&,D') =
Inf(&, D’), which is MEP. Further suppose, where C is an ancillary, and hence that

f(D16) =fDlc, Oh(c), f(D'|6) =f(D'|c, O)h(c).
Hence ULP implies that
Inf(&, D) = Inf(&, D|C)
or UCP, and UCP implies RCP.

Conversely, assume (RCP, MEP) and that (£,D;) and (&;,D,) generate
equivalent likelihoods

S1(D1160) = KDy, D2)f2(Da|0).
We will use (RCP, MEP) to show Inf(&;,D;) = Inf(&,,D;). Now let £ be the

mixture experiment with probabilities (1 +/4)~" and A(l1 +h)~'. Hence the
sample points in £ are (1, D;) and (2, D,) and

£, D1]6) = (1 + b fi(D116) = h(1 + h)~'f2(D,10),
f(2, D2|6) = h(1 + h)~' (D, ).

Therefore f(1,D]6) = f(2, D,|6) so from MEP
Inf(&, (1,Dy)) = Inf(E, (2, D»).
Now apply RCP to both sides above so that

Inf(&y, Dy) = Inf(&, 0, (1, Dy)) = Inf(E, 0, (2, D)) = Inf(E, D),
therefore (RCP, MEP) =—> ULP '
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CHAPTER FOUR

Testing Hypotheses

This chapter discusses the foundational aspects of frequentist hypothesis testing.
The Neyman-Pearson theory of most powerful (MP) and uniformly most powerful
(UMP) tests is developed. Simple illustrations are given as examples of how the
theory applies and also to show potential problems associated with the frequentist
methodology. The concept of risk function is introduced and applied to the testing
scenario. An illustration of a UMP test for a point null with a two sided alternative in
a model without the monotone likelihood ratio (MLR) property is given. A necessary
condition for the existence of a UMP test for a two-sided alternative with a point null
is derived.

4.1 HYPOTHESIS TESTING VIA THE REPEATED
SAMPLING PRINCIPLE

Neyman-Pearson (N-P) (1933) Theory of Hypotheses Testing is based on the
repeated sampling principle and is basically a two decision procedure.

We will collect data D and assume we have two rival hypotheses about the popu-
lations from which the data were generated: H (the null hypothesis) and H; (the
alternative hypothesis). We assume a sample space S of all possible outcomes of
the data D. A rule is then formulated for the rejection of Hy or H; in the following
manner. Choose a subset s (critical region) of S and

if D € s reject Hy and accept H,

if D € S — s reject H; and accept H
according to

P(D € s|Hy) = € (size) < a (level) associated with the test (Type 1 error)
P(D € s|Hy) =1 — B (power of the test)
P(D € S —s|H;) = B (Type 2 error)

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.
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The two basic concepts are size and power and N-P theory dictates that we choose
a test (critical region) which results in small size and large power. At this juncture
we assume size equals level and later show how size and level can be equated. Now

a = P(accepting H{|Hy) or 1 — a = P(accepting Hy|Hy)
and
1 — B = P(accepting H||H;) or 3= P(accepting Hy|H,).

Since there is no way of jointly minimizing size and maximizing power, N-P
suggest choosing small size « and then maximize power 1 — 3 (or minimize (3).

4.2 REMARKS ON SIZE

Before you have the data D it would be reasonable to require that you should have
small size (frequency of rejecting Hy when H, is true). But this may mislead you
once you have the data, for example, suppose you want size = .05 where the prob-
abilities for the data D = (D, D,, D5) are given in Table 4.1.

Presumably if you want size = .05 you reject Hy if event D; occurs and accept if
D, or D5 occur. However if D; occurs you are surely wrong to reject H, since
P(D{|Hy) = 0. So you need more than size. Note that before making the test, all
tests of the same size provide us with the same chance of rejecting Hy, but after the
data are in hand not all tests of the same size are equally good. In the N-P set up
we are forced to choose a test before we know what the sample value actually is,
even when our interest is in evaluating hypotheses with regard to the sample data
we have. Therefore if two tests 7, and 7> have the same size one might be led to
choose the test with greater power. That this is not necessarily the best course is
demonstrated in the following Example 4.1 and its variations, Hacking (1965).

Example 4.1

Let tests 77 and T, have the same size for the setup of Table 4.2.
Let T, reject Hy if Dsjoccurs: size = 0.01 = P(D3|Hp), power = 0.97 =
P(Ds|H)).

Let T, reject Hy if D; or D, occur: size = 0.01 = P(D; or D;|Hy), power =
0.02 = P(D] or D2|H])

Table 4.1: Probabilities for Data under H, and H,

P(Dy|Hy) = .05 P(Dy|H,) =0
P(D,|Hy) = .85 P(Dy2|H;) = .85
P(D3|H,) = .10 P(D3|H,) = .15
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Table 4.2: Probabilities under H, and H,

D= Dl D2 D3 D4
Hy: 0 .01 .01 98
Hi: .01 .01 97 .01

Is T really a better test than 7, after an event D has occurred? Surely not, because
after D occurred it is clear T, is the better test although before any D is observed T
is far superior.

The test that is better before the data are collected need not be better after the data
are in hand. N-P did not stop with size and power alone. N-P theory states that if a
most powerful test exists it is the best.

Suppose among all regions (sets) s* having size e, that is,

P(D € s*|Hy) = e,
that s is such that
P(D € s*|H) < P(D € s|H)).
Hence for a given €, s is that region that maximizes power. Consider all possible tests
of size = 0.01 in Table 4.3. Therefore T, is most powerful among tests of size 0.01
and is best before or after D is observed.

Suppose we have a composite alternative say K = {H,, H, } where now the setup
is as shown in Table 4.4. Consider again all tests of size 0.01 in Table 4.5. Here T, is
now the uniformly most powerful (UMP) test of size 0.01. However, note what
happens if D, occurs. Using T4, you accept Hy and reject H, even though the

support for H, is 1.9 times greater than for Hy. Should you then reject H, if D,
has occurred?

4.3 UNIFORMLY MOST POWERFUL TESTS
Suppose H and K are both composite hypotheses. Then if for all s* satisfying

P(D € 5*|H) < a (level of the test) for all H,

Table 4.3: Size and Power H, versus H;

Test Critical Region Size Power under H,
T, reject Hy if D5 0.01 0.97
T, reject Hy if Dy or D, 0.01 0.02
T reject Hy if D, 0.01 0.01

T, reject Hy if D5 or Dy 0.01 0.98
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Table 4.4: Probabilities under Hy, H,, and H,

Dl D2 D3 D4
Hy 0 01 01 .98
H, .01 .01 97 .01
H, .001 019 97 .01

and if s is such that
P(D € s*|K) < P(D € 5|K) for all K,

then the test based on s is UMP. Often H is a simple Hy and K = H, depends on a
parameter that is defined over an interval. Consider the following example, for
0<p<l:

n r n—r
PR =rlp) = <r>p 1-p".
Denote the likelihood as
L(p|r) = p"(1 —p)*" for observed r.

Suppose Hy : p :%, H :p <% and the critical region is s = {0, 1,2, ..., ¢},

where
C n 1 n
size:a:Z( )(—) ;
mo\J/\2

xmwmle—ﬁwr=§i(j>px1-pyf.

=0

Consider the following:

PIRE slpl=1-Bip) 0<p=y.

Table 4.5: Size and Power H,, versus H,

Size Power
T, .01 .970
T, .01 .020
T .01 .019

T, 01 971
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Now suppose the statisticians were given the following probabilities from a less
informative binary experiment, where only R € s or R & s is observed:
PR € s|H) =1 - B(p). P(R & s|H) = B(p),
PR € s|Hy) = a = 1 — B(1/2), P(R & s|Ho) = 1 — a = B(1/2).
Hence
LplR € s)=1-Bp), LpIR & s) = Bp).
LH) 1-BL) a
LH) 1-Bp) 1-pBp)
CLHy) B 1-—a
LH) Bp) BPp)
Note the likelihood for the less informative experiment is exactly the power func-
tion or 1 minus the power function from the initially more informative experimental
setup. A less pleasant way of saying this is that the N-P approach may not use all of

the information available since it changes the situation into a Bernoulli variate by
collapsing the sample space.

Then Q if REsys,

0 if R&s.

Example 4.2

Let{X;,i =1, ...,5} bei.i.d. Bernoulli trials with probability p of success. Let R =
Z?:] X, PX;=1=p=1-PX;=0].
Consider

1
HO:p:E, H, :p=0.1,

5 r 5—r
PR =r|p) = (r)p (I—=py—".

If we want a test of size exactly 1/16 the only one available is to reject if R = 0
or 5 but to reject Hy in favor of H; when R = 5 is absurd. This calls for something
else, namely, a randomized test which rejects at R = 0 and at R = 1 with probability
1/5 since

e=P|R=0| —1 ~|—1P R =1]| —1 —1+1x5—1
- TP TS T\ TP TS ) T T3 T 96

which is the required size. It has power 1—B=PR=0p=.1)+
IP(R=1lp =.1) = .59049 +1 x .32805 = .6561. This will be the MP test of
size < ¢ that is, of level ;. This is the kind of test advocated by N-P theory.

So for N-P theory we will use the following notation. Let T(D) be the probability
of rejecting H, so that 0 < T(D) <1 for each D. Now for a continuous f(D)
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Table 4.6: Binomial Probabilities p= > and 0.1

R 5 4 3 2 1 0
1 1 5 10 10 5 1
P(Rlp =3) 5] % » » % %

PRRlp=.1) 0.00001 0.00045 0.00810 0.07290 0.32805 0.59049

generally speaking T(D) = 0 or 1. But for a discrete case

€ = Ey,[T(D)] = Y T(D)P(D|Ho)
DeS

| = B=Ey,[T(D)] = Y _ T(D)P(D|H))
DeS

or if Lebesgue-Stieltjes integrals are used
Hy:F=FyD) vs. H :F=F(D)
= J T(D)dFy and 1-—B= J T(D) dF,.
s s

The use of Radon-Nykodym derivatives for the generalized densities depending
on a common measure leads to

Hy:fo=fo(D) vs. H: fi =fi(D)

P(D € AlHy) = J Jo(D)dp
A

P(D € AH,)) = J fi(D)dw  for a measurable set A.
A

The theory of hypothesis testing in its most elegant and general form requires
generalized densities (Lehmann, 1959).

44 NEYMAN-PEARSON FUNDAMENTAL LEMMA

Lemma 4.1 Let Fy(D) and F (D) be distribution functions possessing generalized
densities fo(D) and f1(D) with respect to w. Let Hy : fo(D) vs. Hy : fi(D) and
T(D) = P[rejecting Hy)]. Then

1. Existence: For testing Hy vs. H, there exists a test 7(D) and a constant k such
that for any given «,0 < a <1
(a) Ep,(T(D)) = a = [(T(D)fo(D)dp
1 if fo(D) < kfi(D)
b) T(D) = . .
®) (D) {O if  fo(D) > kfi(D)

2. Sufficiency: If a test satisfies (a) and (b) then it is the most powerful (MP) for
testing Hy vs. H, at level a.
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3. Necessity: If T(D) is most powerful (MP) at level « for Hy vs. H; then for
some k it satisfies (a) and (b) unless there exists a test of size less than «
and power 1.

Proof: For a« =0 or @ =1 let k = 0 or oo respectively, hence we restrict «
such that 0 < a < 1.

1. Existence: Let

a(k) = P(fo < kfilHo) = P(fo < kf1|Ho) + P(fo = kf1|Ho).
Now for k < 0, a(k) = 0 and (k) is a monotone non-decreasing function of k

continuous on the right and a(o0) = 1. Hence a(k) is a distribution function.
Therefore k is such that

ak—0) < a < atk), P(}C—O < k|H0> <a< P(? < k|Ho).
1

1

Hence
P(? = k|H0> = a(k) — a(k — 0).
1

Now let T(D) be such that

1 Jo < Kkfi
_ a—alk—0) _
0 Jo > kfi.

If a(k) = a(k — 0) there is no need for the middle term since

P(fo = kf1) = 0.

Hence we can produce a test with properties (a) and (b).

2. Sufficiency: If a test satisfies (a) and (b) then it is most powerful for testing
H, against H; at level a. [l

Proof: Let T*(D) be any other test such that
Ey,(T*(D)) < a.
Now consider

En,(T*(D)) = L T'fidp =1 B,
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Then
(1—B) —(1—p) = L(T _TVfdp

Divide § into 3 regions such that

S*tis the set of points Dwhere T > T*, T > 0;
S”is the set of points Dwhere T < T*, T < 1,
$%s the set of points D where T = T*.
ForD € S*, T>0andfy <kfior <fi.ForD€E€ S, T <landfy > kfy

fo
org > fi.
Hence

(- —(-p)
= J (T = T") fidp + J (T T fidps
S+ S~

by

> LfT 1P L_(T* —T) fidps

1 . if o
= | =T = | 1) fd

| R .
| =T s = ) — B

= (@ Eg(T") 2 0,

since Ep,(T*) < a. Hence T(D) as defined is most powerful (MP) at level a.

. Necessity: If a test is most powerful at level « then it is defined as in (a)

and (b). O

Proof: Let T* be MP at level « and let T satisfy (a) and (b). Now ST U
S~ is the set of points D where T # T*. Let S” be the set of points where

Jo # kfi.
Now $7 N (ST U S™) = s is the set of all points D for which either

{T* <T and fy <kfi,}

or

{T*>T and Jo > kf1.}
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This can be now represented as follows:

Jo < kfi Jo > Kkfi
T>T=S8" s [

T<T'=S" ] s

Now T > T* = fo < kfi and T < T* = fy > kfy. If the measure of s, u(s) > 0
then

1
1-p-010-p9 =J (T—T*)<f1 —zfo)d,u >0 (A)

since the integrand is greater than zero. However, (A) contradicts the assumption
that 7* is MP. Therefore u(s) =0 a.e.

Now suppose Ep,(T*) < o and 1 — 8* < 1. Then it would be possible to
add a set of points, possibly by randomization, to the rejection region until
either the size is « or the power is one. Thus either Ep (T*) =« or
Ey, (T*) = 1. Therefore we have shown that the MP test is uniquely deter-
mined by (a) and (b) except on the set of points § 9 where Jo=kfiand T
will be constant on their boundary f, = kf7.

Lastly, if there exists a test of power 1, the constant kin (b) is k = oo and one will
accept Hy only for those points where f = kf; even though the size may be less than
a. If P(fo = kf;) = O then the unique test is nonrandomized and is most powerful
for testing a simple H, against a simple H;. Note that if there exists a test of power 1
the MP test at level @ need not be unique since there might be a test satisfying (a) and
(b) with ¢ < a. O

We now show that, in the simple versus simple case, the MP test is also unbiased.

Corollary 4.1 (Unbiasedness). Let 1 — B denote the power of the MP level « test
for Hy : fovs. Hy: fi. Then a < 1 — B unless Fy = F}.

Proof: Let T(D) be the test that rejects H, with probability « no matter what D is.
Therefore
Ey(T)=a=Ey((T), a=<l-p.

If @ = 1 — Bthen T is most powerful and must satisfy (a) and (b) of the N-P lemma,
which it contradicts unless fy = f;, so Fy = F. O

Reversing the inequalities in the NP test results in the least powerful test as will
be seen in the next corollary.
Corollary 4.2 (Smallest Power). For Hy : fy vs. H; : fi, the test

(1 ik
”m‘{ovﬁ<m

has the smallest power among all tests with size > a.
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Proof: Let any other test T* be of size > «. Then it has power 1 — 8*. Now
(-p)-a-p=| @ -hdu+| @ -Dhdp
s+ 5=
where

St = all points D such that 7% < T'so that T > 0 and fy > kf;;
S~ = all points D such that T* > T'so that T < 1 and fy < kf.

Then

1 1
(1-B)—(1-B) zzj (r* —T)fodM+EJ (T* — Thfo du
St S—

>

J (T* — Dfodpu = l(af* —a) > 0.
S k

| =

O

The following corollary establishes that rejection regions for NP tests with
smaller size are nested within rejection regions for NP tests with larger size.

Corollary 4.3 (Nesting Corollary) Suppose T(D) satisfies

T — 1 fo <kufi
0 fo>kafi’
with rejection set s, and
1 fo <kah
T'(D) = ,
) {0 fo > kafi

with rejection set s,. Then o > « implies s, C sy .

Proof: Now assume k, < k, so that

a= P(% < ka|H0) +pP(% = ka|H0> =a+pb

< P@é < kar|H0> +p/P<$ = ka/|H0> =d+pb =d.
1 1

But this implies that

a+pb<d+pb<d+b.
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Since a > d', this implies that p'b’ — pb > a — d’ > 0. But

a—a/:b/+P<ka’<%<ka)’
J1

so that

Ozb/(p/—l)—pb>P<kar<]{0<ka>20,
1

which is a contradiction. Hence k, > k, and s, C s,. O
Therefore it has been shown that the MP level « tests for simple H vs. simple H;

are nested in that for @ < o, s, C s, . But this need not hold for a composite null H.
If H; € H and K; € K, then if among all tests 7* of level «, that is,

E(T*|H) < a forall H; € H,
there exists a test T such that
E(T"|K)) < E(TIK;) forallK; € K,
then the test based on T is uniformly most powerful (UMP). Often H : 6 € Oy vs.
K : 6 € Og. When UMP tests exist they are the ones recommended by N-P theory.
In the case of a simple H, versus composite H; these UMP tests are also likelihood
tests under fairly general conditions, but UMP tests do not exist in many situations

and not all likelihood tests are UMP.
The next lemma asserts that UMP tests are unbiased.

Lemmad4.2 Ifa UMP test of level « exists and has power 1 — B, then o < 1— Bk,
for all alternatives K.

Proof: Since an « level test T"(D) = « exists
E(T*(D) |H) = «a,
and
E(T*D) |K)=a=1— Bk.

Assume T is of level a« and UMP. Then the power of T is at least as great as 1 — B¢
sothat a=1— BF <1— Bg. O

Consider the following counterexample (Stein, 1951) to the nesting corollary
when H is composite.
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Table 4.7: Probabilities under H and K

D 1 2 3 4

H, 2 4 3 4

H 13 13 13 13
H 4 2 1 6

1 13 13 13 13

4 3 2 4

K H, 13 13 13 13

Example 4.3

Table 4.7 presents a scenario for H : Hy or H; vs. K : H,. Consider testing H vs. K of
level 5 Con51der the test which rejects Hy or H; when D = 1 or 3. This test has size
13 and power % 13 It is easy to show that this is UMP for re]ectmg H vs. K at level 5

Now Con51der the test which rejects HO or H, at level & 13- Note if D =1 or 2 we
reject at level 5 and this test has power 3 13 One can also show that this is UMP at
level Hence 1f D = 3 we reject at level 5 but not at %. One then cannot really
argue that in all cases the level of rejectlon measures how strongly we believe the
data contradict the hypotheses. We also note that these tests are not likelihood
tests. Recall the definition of a likelihood test for H vs. K:

Reject if for every H; € H and some K; € K,

oy — PPIHD
P(DIK;)
In our case reject if
__max P(D|H;)
o) = T PDIK)

Using Table 4.8, possible rejection regions are:

a R
a>% {1,2,3,4}
t<acx3 (1,2}
l<a<? {1}
a<l {9}

Notice that D = {1,3} can never be the rejection region of the Likelihood test.
So the UMP test is not a likelihood test.

Table 4.8: Likelihood Ratios

D 1 2 3 4
o) 1 3 3 3
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4.5 MONOTONE LIKELIHOOD RATIO PROPERTY
For scalar 6 we suppose f(0|D) = L(6|D) = L(6|#(D)) and for all § < ¢,

L(6'1(D))

QD)|6,60") = m

is a non-decreasing function of #D) or as #(D) 1 Q 1, that is, the support for
@ vs. 0" does not decrease as t increases and does not increase as ¢ decreases. We
call this a monotone likelihood ratio (MLR) property of L(6|¢(D)).

Theorem 4.1 Letf(D|6) have the MLR property. Totest H : 0 < 6y vs.K : 6> 6
the following test 7(D) is UMP at level a.

1 if #D)<k e.g., reject H at level «,
T(D)=43p if tD)=k e.g, reject H with probability p,
0 if #D)>k e.g.,acceptH,
where k and p are determined by
a = Eq(T(D)) = P(t(D) < k|6o) + pP(1(D) = k|6p)
with power

1 = B(6) = Eo(T(D)) = P(t(D) < k|6) + pP(t(D) = k|0),

which is an increasing function of 6 for all values 6 such that 1 — 8(6) < 1 and for any
0 < 6, the test minimizes 1 — B(6) among all test satisfying

Eq(T(D)) > a.
Proof: To show the test exists and Eq(T) = «, E¢(T) =1 — 3(6) apply the NP

lemma to H: 0 = 6y vs. K: 0= 6, > 6, so there exists a k and a p such that the
test satisfies (a) and (b), that is,

_ fDIb)
FDI6)

(0] < ¢ implies #(D) <k since Q 1+ for #(D) 1.

This test is MP for testing

H:0=0 vs. K:0=0">0 atlevel ¢ =1— B(6¢).
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Since o < 1— B(#") by the unbiasedness Corollary 4.1 then for all ¢ < ¢,
1—B(#)<1-—B(0") and 1— B(6) is an increasing function for all € such that
1— B(6) < 1. Since 1 — B(60) is nondecreasing the test satisfies:

(1) 1= B(0) =E«(T(D)) < a=1— B () for 6 < 6.
Further the class of tests satisfying (i) is contained in the class satisfying
(i) Eq(T(D)) < a (less restrictions in (ii) than in (1)).
Since the given test maximizes 1 — 3 (0;) within the wider class (ii) it also
maximizes 1 — 3 (6;) subject to (i) and since it does not depend on the
particular alternative 6, > 6, it is UMP against alternative K: 0 > 6,
when H: 0 < 6,. O

To show that 1 — B(0) is minimized for 6 < 6,, we note that this test reverses the
inequalities of the UMP test of 8 = 6, versus 8 = 6,< 6,. Hence it has minimum
power by the smallest power corollary for any test of size > «. Note that if Q 1
as #(D) |, the inequalities are reversed:

0<c = tD)>k reject H
t(D) =k reject H with probability p
t(D) < k accept H

and the definition of 1—B(6) is
1= B(6) = P(1(D) > k|0) + pP(t(D) = k).
Further, we can turn the hypotheses around
H:0>6, K:60<6,.

Then if Q 1 as #(D) 4 then Q < ¢ = #(D) < k and
a = P(t(D) < k|6y) + pP(t(D) = k)
1 —B(6) = P(t(D) < k|6) + pP(1((D) = k).
Corollary 4.4 Let 6 be a scalar parameter and
fDI6) = c(0)e” P n(D),

where the range of D does not depend on 6 and g(6) is strictly monotonic in 6. Then
there exists a UMP test T(D) for H: 0 < 6y vs. K: 6 > 0.

Proof: Note that

__f(DI0) _ c(0) S/ Dla(0)—4(0)]

¢ ~fD18") (8
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for § < 0. Now as (D) increases Q either increases or decreases depending on
whether g(6) decreases or increases, that is,

if g(6) ] then ¢(0)>q(#") and Q1 as t 1
if g(6) 1+ then Q1 as ¢ .

Therefore, the monotone likelihood ratio property holds and the corollary is
established.

4.6 DECISION THEORY

Suppose we now consider the testing problem from a decision theoretic point
of view, that is, testing H: 0 < 6y vs. K: 0 > 6, with d, the decision to accept
H and d, the decision to accept K. Assume a loss function /(6, d;). Now it appears
to be sensible to assume

(0, dy) =0 if 6<6, and 1 for 6> 0y,
(0, d))=0 if 6> 6y,and 1 for 0 < 6.

Hence

>0 for 6 < 6y

(1) «6,d) — 1(6,d0) {<0 for > 6.

Now recall that the risk function of a test T for a given 0 is the average loss

16, T) =TD)(O,d,) + (1 —T(D)IO, dy),
R(6, T) = Epl(6, T) = Ep[T(D)I(6, dy) + (1 — T)I(6, dp)].

Further suppose for tests 7(D) and T*(D) that
(2) R(6,T*) < R(6,T) for all 6,
(3) R(6,T*) < R(6,T) for some 6.

Then T* dominates 7 and we say T is inadmissible. On the other hand if no such
T* exists then T is admissible. A class C of test (decision) procedures is complete
if for any test 7 not in C there exists a test 7" in C dominating it. (A complete
class is minimal if it does not contain a complete subclass). A class C is essentially
complete if at least (2) holds. (A complete class is also essentially complete, a class
is minimal essentially complete if it does not contain an essentially complete
subclass).

Theorem 4.2 Under the assumption of the monotone likelihood ratio theorem,
the family of tests given there with 0 < a < 1 is essentially complete for the loss
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function given by (1). Also the family is minimal essentially complete provided the

set of points D for which f(D|6) > 0 is independent of 6.

Proof: The risk of any test T is

R(6, T) = Jf(DIO)[Tl((i dp) + (1 = DO, do)ld
= Jf(DIO)[l(O, do) + T(U(O, di) — (0, do)ldu.
Similarly for a UMP test T%,

R(6, T*) — R(6, T) = Jf(DIO)(T* — T)(U(6,d1) — (6, do))dp

= (0, dy) — (6, do))Eo(T" —T) <0,

since (i) 1(0,dy) —1(0,dy) > 0, and Eo(T* — T) <0 for 6 < 6y, which follows
because 7" is UMP so it minimizes power over H, and since (ii) I(6,d;) — (0, dy) <
0 and Eo(T* — T) > 0 for 6 > 6y. Therefore R(0,T*) < R(6, T) for all 6. Thus the
family T* is essentially complete since (2) holds.

To show that the class is minimal essentially complete choose two tests 77 and 75
that belong to class UMP and have sizes «; and a, for testing 8 = 6, vs. 6 > 6.
Then for a; < ay,

Eo(T}) < Eo(T3) Y 0> 6,
since 75 is UMP at level a,, unless E¢(T7) = 1. Further,
Eo(T)) < Eo(T;) ¥V 6 < 6

because at level a; < ap, 7T has minimum power unless Ey(73) = 0 for 0 = 6.
Now since

RO, T}) — RO, T3) = [(6, dy) — (6, do)IE(T} — T5),
R(6, TY) >R(0,TS) if 6> 6, and
R(6, T}) <R(6,T}) if 6< 6.

Since Ey(T5) = 0 and Ey¢(T}) = 1 are excluded by assumption each of the two risk
functions are better than the other for some values of 6. Hence the family is minimal
essentially complete. (]
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4.7 TWO-SIDED TESTS

For two-sided tests we have, in particular,
H:0=6y vs. K:0 # 6.

Do UMP tests exist here? Yes, but only in unusual cases. Note for the MLR property
one-sided UMP tests exist so for these situations the answer is no!

Example 4.4

Consider the example X1, ..., X, i.i.d. from
e =0 for 9 <x
f&) = { 0 elsewhere.

To test Hy:0=06y vs. H;:0 # 6y we first look at Hy:60= 6, vs.
Hi: 0= 0, > 6. Let x(;) be the smallest observation. Then

—3(xi—6) _ ,—ni+n >0
L LX) = ¢ ¢ =
(0|'x1’ ,x‘l) {0 X(l) < 9 b
and
0— L(6o) _ e 0o < xy < 0
L) | "% <1 6y<6 <xq.

For the one-sided alternative the MLR property holds based on x(;), that is, Q | as
x(1y 1 so the UMP leavel « test for H : 0 = 0 versus K : 8 > 6 rejects for x1y > cq.
Similarly, the UMP test for H: 0 = 6y versus K : 6 < 6 rejects for xpy < c.

The density of X(y) is

fOnyl0) = ne"®=*0) for Xy = 6,
and thus
Pg()C(l) > C) = 6‘”(076), c>0.

Then ¢, = 6y — log (a)/n and ¢}, = 6y — log (1 — «)/n. The corresponding powers
are:

ae™f-0) 9 <,
6) = - 0> 0,
A® {1 0> c, =

B0 =1—(1 —ae"=%  g<g,.
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Now for Hy: 0 = 6y vs. H; : 6 # 6,

0 it 6 <xq <6
0— L(6p) _ eMbh—0) 1 0 < 6; < X 01 as X(1) J
B L(6)) - M=) > 1 0, < 6y < X .
0 0 <xa) < 6o Qr asxyt

The MLR property does not hold, but consider the rejection region {x() < 6 or
X(1) > Ca},P()C(l) < 00|H0) =0 and P(_X(l) > Ca|H0) = «. But it is easy to show
that this test has the same power as the above two tests in their respective alterna-
tives. So the test is UMP for 6, > 6, and also for 6, < 6.

We now show that for testing 6 = 6y vs. 8 # 6, a necessary condition for a UMP
test to exist is d log L(6|D)/d6 = const # 0. Assuming d log L(6|D)/d# is continu-
ous with respect to 6, for any 60, # 6, expand in a Taylor series L(6;|D) =
L(6y|D) + (6, — 6y)L'(6*|D) where 6° € (6, 6;). Now if a UMP test exists then
the rejection region for any particular 0, is

(a)

L6:D) _ |, (61— 6)L'(6"|D)

L(6olD) LGy = )

(and randomize on the boundary if necessary). For all D,

_ L(6yID)
L(6oD)

ka(6o) =1

SO
(b) ka(61) =1+ (61 — 0k, (6") where 0" € (6o, 61).
Substitute (b) in (a) and obtain

© & - fEam — ko) = 0.

For the points d on the boundary of the rejection region,

(61 — 60)L'(6"|d)

1 =1 0, — Ok (6
+ L00ld) + (01 — )k, (6™)
or
L'(6|d)
kK (6%) =
(07 L(6o|d)

and from (c),

>

L'(6°|D) L'(6*|d
(91_90){ (0'ID) L |>}

L(6o|D)  L(6o|d)
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This holds for all 6, and all D in the rejection region including d. Now since 6, — 6,
changes sign the quantity in the brackets must be equal to 0.

For the points D outside of the rejection region igg{‘]:gg < kq(0)) so the same argu-
ment leads to

<

L(6*|D) L(6"|d
(01_00){ (6°ID)  L( l)}

L(6o|D)  L(6o|d)

for all D not in the rejection region but including d. Hence again the quantity in the
brackets must be equal—this is true for all D inside or outside the rejection region.
Therefore,

L(@*ID) _ L(6|d)

= = constant.
L(6o|D)  L(6old)

Then the assumed continuity of L’ with respect to 6 implies that as 6; — 6,

L'(6°D) L'(6|D) _ dlog L(6|D)
L(60|D)  L(6|D) do

= constant (in D).
=60

Since the proof does not depend on a particular 6 it holds for all 6. Note if

dlog L(6|D)
E|=——=="""| =,
o

then

dlog L(6|D)

70 # constant.

REFERENCES

Hacking, I. (1965). Logic of Statistical Inference. Cambridge: Cambridge University Press.
Lehmann, E.L. (1959). Testing Statistical Hypothesis. New York: Wiley.

Neyman, J. and Pearson, E. S. (1933). On the problem of the most efficient test of statistical
hypothesis. Philosophical Transactions of the Royal Society LCXXXI, 289-337.



CHAPTER FIVE

Unbiased and Invariant Tests

Since UMP tests don’t always exist, statisticians have proceeded to find optimal
tests in more restricted classes. One such restriction is unbiasedness. Another is
invariance. This chapter develops the theory of uniformly most powerful
unbiased (UMPU) and invariant (UMPI) tests. When it is not possible to
optimize in these ways, it is still possible to make progress, at least on the
mathematical front. Locally most powerful (LMP) tests are those that have
greatest power in a neighborhood of the null, and locally most powerful
unbiased (LMPU) tests are most powerful in a neighborhood of the null,
among unbiased tests. These concepts and main results related to them are pre-
sented here. The theory is illustrated with examples and moreover, examples are
given that illustrate potential flaws. The concept of a “worse than useless” test
is illustrated using a commonly accepted procedure. The sequential probability
ratio test is also presented.

5.1 UNBIASED TESTS

Whenever a UMP test exists at level «, we have shown that o < 1 — S, that is, the
power is at least as large as the size. If this were not so then there would be a test
T* = a which did not use the data and had greater power. Further, such a test is
sometimes termed as “worse than useless” since it has smaller power than the use-
less test T* = a.

Now UMP tests do not always exist except in fairly restricted situations.
Therefore N-P theory proposes that in the absence of a UMP test, a test should
at least be unbiased, that is, 1 — Bx > «. Further, if among all unbiased tests at
level «, there exists one that is UMP then this is to be favored and termed
UMPU. So for a class of problems for which UMP tests do not exist there may
exist UMPU tests.

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.
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5.2 ADMISSIBILITY AND TESTS SIMILAR ON THE BOUNDARY

A test T at level « is called admissible if there exists no other test that has power
no less than T for all alternatives while actually exceeding it for some alternatives,
that is, no other test has power that dominates the power of test 7. Hence if T is
UMPU then it is admissible, that is, if a test 7* dominates 7 then it also must be
unbiased and hence T is not UMPU which contradicts the assumption of T being
UMPU. Hence T is admissible.

Recall a test T which satisfies

1-B(0)<a for §€ Oy
1—B70)>a for € Ok

is an unbiased test. If T'is unbiased and 1 — 3(6) is a continuous function of 6 there
is a boundary of values 6 € w for which 1 — 3;(6) = a. Such a level « test with
boundary w is said to be similar on the boundary.

Theorem 5.1 If f(D|6) is such that for every test T at level a the power function
1 — B,(0) is continuous and a test 7’ is UMP among all level « tests similar on the
boundary then 7’ is UMPU.

Proof: The class of tests similar on the boundary contains the class of unbiased
tests, that is, if 1 — 3(6) is continuous then every unbiased test is similar on the
boundary. Further if 7’ is UMP among similar tests it is at least as powerful as
any unbiased test and hence as 7" = « so that it is unbiased and hence UMPU.

]

Finding a UMP similar test is often easier than finding a UMPU test directly so
that this may provide a way of finding UMPU tests.

Theorem 5.2 Consider the exponential class for a scalar 6
f(D16) = C()e" k(D)

with monotonic likelihood ratio property and tests of Hy: 0= 6y vs. H;: 0 # 6,
and H: 6y < 0 < 0y vs. K: 0 & [0, 6,]. For tests whose power is >« we can find
one such that it is UMP among all unbiased tests. This test 7(D) is such that

1 if t(D)>k or t(D) <k, for ky >k,

_Jp1 if «D) =k
IDY=1 0, it D)=k
0 if k < D)<k

where ki, k2, p1, and p, are determined from:

(@) Fori=0,1,E¢(T(D)) = a=P[t > k|60;]+p1P(t = k110;) + p2P(t = k2|6;) +
P(t < ky|6;) and constants &y, k;,p;,p> are determined by the above equation.
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If 6p=06, so that Hy: 6= 6y vs. Hy : 6 # 6y, then ki, k>, p1, and p, are
determined by
(b) Eg[t(D)T(D)] = aEg,(t(D)) assuming it exists that is,

J tf(D)60)dp + kip1 P(t = ki16p) + kopoP(t = k2| 6p)
>k

+ J 1f(D|6o)dpu = aJ 1f(D6o)d .
1<ky s

A proof is given by Lehmann (1959). In particular for Hy : 8 = 6, and f(¢|6y)
symmetric about a point vy so that P(t < y—x|6y) = P(t > v+ x|6) for all x
or P(t—vy<x|6) =Pit—y>x|6)) we can show that p; =py ki =2y —
ko, P[t < k»|6p] = a/2 = P(t| > k1]6y) and (b) becomes

Eg,(tT) = Eg,[(t — WT]+ vEg,(T) = Eg,[(t — VT] + ya = aEg (t) = ay

or Eq[(t —yT]=0.
It is easy to show that this leads to

ki—y=v—k and p;=ps.

Consider H: 0 € Oy vs. K : 0 € O
Recall that a test 7 is unbiased if

1—B,(0) < a for 6€ Oy, 1—B(6) > a for 6 € O

and if 1 — ;(6) is continuous there is a boundary of values w such that 1 — 8;(6) =
a for § € w and such a level « test is said to be similar on the boundary. If T is a
non-randomized test with rejection region s,

P(D € 54|60 € w) = « independent of 0
and, of course, with sample space S
P(D € 5|6 € ®) =1 independent of 6

SO §, is called a similar region, that is, similar to the sample space. Also #(D) will
turn out to be a sufficient statistic if f(D|¢) is independent of 6 (see Section 7.7
for a more formal definition of sufficiency).
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5.3 NEYMAN STRUCTURE AND COMPLETENESS

Now if there is a sufficient statistic #(D) for 0 then any test T such that
Ep(T(D)|1(D); 0 € w) =«

is called a test of Neyman structure (NS) with respect to #(D). This is a level « test
since

Ey(T(D)|6 € w) = E.Epi(T(D)|1(D); 6 € w) = Ei(a) = a.

Now it is often easy to obtain a MP test among tests having Neyman structure
termed UMPNS. If every similar test has Neyman structure, this test would be
MP among similar tests or UMPS. A sufficient condition for a similar test to
have Neyman structure is bounded completeness of the family f(¢/6) of sufficient
statistics.

A family F of probability functions is complete if for any g(x) satisfying

E(gx))=0 forall feF,

then g(x) = 0.
A slightly weaker condition is “boundedly complete” in which the above holds
for all bounded functions g.

Theorem 5.3 Suppose for f(D|6), t(D) is a sufficient statistic. Then a necessary
and sufficient condition for all similar tests to have NS with respect to #(D) is that
f(t) be boundedly complete.

Proof of bounded completeness implies NS given similar tests:
Assume f(¢) is boundedly complete and let 7(D) be similar. Now E(T(D) — a) =0
for f(D|0) and if E(T(D) — «|t(D) =t, § € w) = g(t) such that

0= Ep(T(D) — a) = EEp(T(D) — a)|t(D) =1, 6 € w) = Eg(t) = 0.

Since T(D) — « is bounded then so is g(¢) and from the bounded completeness of
f(@), E«(g(?)) = 0 implies g(r) = 0 such that

E(T(D) — alttD) =1, 0E w) =0 or ET(D)«D)=t, 6 € w)=a or NS.

Proof that lack of bounded completeness implies lack of NS:

If f(¢) is not boundedly complete then although g(¢) is bounded that is, |g(?)| < K,
then E(g(r)) =0 but g(r) # 0 with positive probability for f(f). Let similar
test T(t) = ag(t) + a where a = min%(a, 1 — @) then T(¢) is a test function since



5.3 NEYMAN STRUCTURE AND COMPLETENESS 49

0 < T(¢) <1 and it is a similar test since E(T(¢)) = aE(g(t)) + a = « for f(¢) but it
does not have NS since T(f) # « with positive probability for some f(¥).

Similar tests are desirable when nuisance parameters exist that is, f(D|6, A) where
0E® and A € A. Suppose Hp:0=6y, A\E A vs. H:0 # 6, A E A and
f(D]6, A) admits a sufficient statistic 7, for every fixed 6 in the sense

(D16, A) = f(Dltr, 0)f(talA, ).

Now for 6 = 6,
a = E[T(D)|tx, 6] = JT(D)f(DltA, 6o)d .
independent of A. Thus
a = E, (o) = E;, Ep),[T(D)]1), 60] = Ep[T(D)|A, 6]

and we have a similar test independent of A. One can then attempt to find a most
powerful test among all similar tests by using the conditional densities.

_ Joi D100 _
=2
o, (Dlty, 61)

If the same region is obtained for all ; # 6y, A € A then we have a level «
UMPS test. When this doesn’t exist we sometimes can find a UMPUS test, that
is, uniformly most powerful unbiased similar test and under certain circumstances
this will turn out to be UMPU.

Theorem 5.4 If f(D|6) = C(6, V) P+ D p(D) then the UMPU test for Hy: 6 =
00, AeA vs. H] 10 # 60, AeA

1 if u<ki(t) or u>kyQ)
it w=ki(0)

if u=ky®)
0 if k() <u<k)(t)

T(u,t) =

where k;, k2, p1, and p, are determined by

@) EyT(u,0lt,60] = a,
(b) Eus[uT(u,0)lt, 6] = ki (ult,600),

and power 1 — B(6,1) = E,;,[T(u,t)|t, 6].

Note that E;(1 — B(6,1)) = E.E[T(u,0)|t, 6] = E; ,(T(u,1)|6,A) =1 — B(6, A)
thatis, 1 — B(6, ) is an unbiased estimate of 1 — B(6, A) but it cannot be used to deter-
mine sample size in advance since 1 — B(6, r) depends on the sample value of 7.
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For proof, see Lehmann (1959).

Example 5.1
Let

f= f(rl’V2|Pl’P2)—< )( )npr‘(l_p,)mn.

For A = p, and 0 = pi(1 — p»)/p2(1 — p1),

n 2\ 1 moox A\ n
=00 () () (55) a-»
" 1 o A\
== (m) ”’(ﬂ) <><)
= (6, /\)e"1°g9+“°g(ﬁ)<”‘)( " )
u t—u

where u = ry,t =r; + r; and

()

u t—u

flult, 0) = :
9.

Using Theorem 5.2, the test for Hy: 6 =1 vs. H; : 6 # 1 is a similar test and is
UMPU when randomization is used on the boundary.

Example 5.2
Consider X ~ f(x) = % and Y ~fly) =

e2(7‘

TestHy: 6, = 0, vs.Hy : 6, # 6, or, equivalently, Hj : Z— =p=1vs.H :p #1

—(60,+6 ) —(6,+6
e Nthgig) et oz log

fy) =

x!y! Ty
Let L} s =D X = u,x+y=t,A= 6. Then

e P eptiogh
flo,y) = ————¢" erTiioes

T ul(t — u)!
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which is in the form of Theorem 5.4. Hence a UMPU test exists based on

e P eptlogh
Sfult) Zmeu sPTIosR /1 (1)
e—(91+92)(9] + 92)1 e—(1+p))\(1 +p)t)\t
fo = i = /

B t p” B t p u 1 r—u
o= ()t =()(65) ()

which is binomial. For p = lpr’ p= % if p = 1. So the test is a UMPU level « test

randomized on the boundary.

Example 5.3
Let Xi,...,X, be i.i.d. from

for w > 0 and x > u. Test

= = <
Ho{ R=Mo o m { p=py <y
o = 0y o=o0 <0y

We find the sufficient statistic and the UMP test. The likelihood is

. _ nx—p)
Lip o)=19"¢ 7 X)=H
0 otherwise

Note the sufficient statistic is (x(1y, x) and

o\" _[no‘c—m_no‘cfm]
L_J{—>)el ™ M
L 90

X1y < Mg

By the NP Lemma, reject Hy if Ly/L; < k,. Therefore the UMP test rejects Hy if

1 . 1 1
=) )= (G2 ) =
n o g 0y o1 0p

or if x) < .
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Example 5.4

Consider (X, Y) a bivariate normal vector with mean (2u, 0) and covariance matrix

2
A w+1 1 - 11 1 )

Here

el ) ()
flx,y) = Le 2w . 1 142 y

2T

1 2 1o
e_zlLZ(X"v‘y_zlf«) Y

27

>

such that r = ¥3¥ is sufficient for p and

w2
t~ N(,u, T) and Y ~ N(O, 1).

Consider a one-sided test of Hy: = o vs. Hy 1 o = py > M.

Now the MP test satisfies

2

20— 20—
L) _ " B < ke reject pg

L) M_O

2t — o)’ 20t — )’
_ ( 2#«0) n ( 2#’«1) < log<ka @)
Mo M1 M

2,2
2 M1 Mo M
— (g + py) — 2tpom 2710g<ka—>
0 ! o 2(py — Mo) Mo

— (= aa(pu))t —ba(p)) = 0, aq > by
& t>au(uw) or t=<by(p).

But this depends on u, so there is no one-sided UMP test.
Some remarks:

1. When a UMP test exists for scalar 6 and some other conditions are satisfied
then a scalar sufficient statistic exists.

2. UMP tests can exist even if a scalar sufficient statistic does not exist.

3. The existence of a scalar sufficient statistic does not even imply a one-sided
UMP test.
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Theorem 5.5 Suppose for Hy: 6 = 6y vs. H; : 0 # 6

f(D]6) = C(6, N)ePHND)p ()

and that v = v(u, t) is independent of 7 for 8 = 6. Then if v(u, ) = a(t)u + b(r) with
a(t) > 0 and increasing in u for each ¢, then

1 when v<c¢ orv>c
Tw=4{p; when v=c i=1,2
0 when ¢ <v<c

is UMPU, where for i = 1, 2, ¢; and p; are determined by

(@) Eq[T(v.0)|] = a and
() Eg[T(v, t)% 1] = aEeo[”Z(bry) 7] or Eg,[VT (v, 1)|t] = aEq,[v]f] and since v
is independent of ¢ for 8 = 6 so are the ¢;’s and p;’s.

Example 5.5
For Xi,..., X, i.i.d. N(u, 0?) and

Ho: = vs. H : u # p irrespective of o2,

n 1
Ly, &) = Qma?) ™2 e 220wl

_n g 39 Sy
= Q2mo?) 2e 20%¢ 20T 7

— C(G, /\) et)\+0u’
where
P W L S
e - 20% a7 -

So if we let Y; =X; — u, E(Y) = m then the original hypothesis Hy: u = uy
becomes Hj, : 1 =0 and H : 7 # 0. Then we might as well start with Hj : w = 0.
Let

Vo X _ u
_\/E(X,-—)_()2 /=TT

Now for the normal distribution N(u,02), X and s*> = (n — 1)7'3(X; — X)* are
independent and in this case /n(n— 1)V :T"X is a student ¢ with n—1
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degrees of freedom. The UMPU test for Hy : u = ugy vs. Hy : o # pg is given
as follows:
Let /2 be such that for ¢

/2 = J_ " fd, = r S,

—00 trx/2
and
taj2 =/ n(n — l)Ua/z.

Then reject Hy if
1 1

. or v<-———n ..
Jnn—1) 2 Vn(n—1) .

Note also that the V or Ehe stl_ldent t is invariant under linear transformations.
Let aX; + b =Z7;, so that Z = aX + b and

v>

(N —1Ds2 =3(Z — Z)* = a2(X; — X)* = a*(N — 1)s2,
EZ =aEX)+b=au+b=n.

Therefore, Hy : u = ug for x is equivalent to Hy : 1 = 1)

\/’_1(2 — M) _ \/’_l(}_( - ,Uvo).

Sz Sx

Example 5.6

Suppose Xi,..., X, are iid. N(u, 0% and Y,,....Y, are iid. N(m, ) and
Hy: p=mnvs. H : w # m with o unspecified. Then the UMPU test is based on
student’s ¢ with n + m — 2 degrees of freedom where

_ﬂ for nf{:Xn:X,-, mj;:Xm:Y,» and
1 1

2 T =X+ YV — )
n+m-—2 )

If V; = aX; + b and Z; = aY; + b then for Hy vs. H;

EV)y=au+b, E@Z)=an+b,a+#0, var(V)=d’0> = var(Z).
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Hence

V-Z

\/ (1 + i) CVi=V?+3Z - 2)»)/(n+m—2)
n m
aX —7Y)

1 1
nom

Since the UMPU test requires « =5+5 from both tails of the #-test, the test
is also invariant as to whether we consider #,,,_» or —t,.,,—» that is, |f| or
even 2. Note also it leaves the problem invariant in that

= lnym—2-

Hy : u = mis equivalent to Hy : au+b=an+b
H; :p # mis equivalent to H] : au+b # an+b.

5.4 INVARIANT TESTS

More generally suppose we have k normal populations with assumed N(w;, 0°) i =
1,..., k and random samples of size n; from each of the populations. Recall for
testing Ho : u; = pp = --- = g vs. Hy :not all the w,’s are equal and ¢ unspeci-
fied, that the F-test used to test this was

X=Xk —1 i S
Fi_1 nk = 2ni ) /( ), nix; = in', nx = ZniXi,
1

§2

k
n:E n;
1

and

k n;
=k =Y > (X — X))
1

i=1 j=
If Y = aX;; + b for a # 0, then
S (Y =Y /(k—1)

2
Sy

= Fi_1, n—k»

as previously defined. The statistic is invariant under linear transformations. Note
alsothat Hy : w; = -+ = uy isequivalentto Hy : ap; + b =--- = ap, + band H, :
= to H}. So it is an invariant test and it turns out to be UMP among invariant tests
so we say it is UMPL. However this test is not UMPU.
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In general, for the problem of
H:0€0y vs. K:0€ O

for any transformation g on D which leaves the problem invariant, it is natural to
restrict our attention to all tests 7(D) such that T(gD) = T(D) for all D € S. A trans-
formation g is one which essentially changes the coordinates and a test is invariant if
it is independent of the particular coordinate system in which the data are expressed.

We define invariance more precisely:

Definition: If for each D € S the function #(D) = #(gD) for all g € G, G a group
of transformations then ¢ is invariant with respect to G.

Recall that a set of elements G is a group if under some operation it is

(a) closed: for all g and g, € G, g12, € G;

(b) associative: (g182)83 = g1(8283) for all g1, g2, g3 € G;
(c) has an identity element: g;g = gg; = g where g; € G;
(d) has an inverse: that is, if g € G then g’1 € G where gg’1 = g’lg =g

Theorem 5.6 Lety = gD and for each point D the set of values y as g runs through
all the elements of G is called the orbit traced out by D. Then it is necessary and
sufficient that # be constant on each of its orbits for ¢ to be invariant.

Proof: First assume ¢ is invariant that is, t(gD) = t(D) foreach D € Sand all g € G.
Therefore, ¢ is constant on all of its orbits. Conversely if ¢is constant on all of its orbits,
then #(gD) = constant for each D and all g. Since it is true for all g then it is also true
for g, where g,D = D and constant = #(gD) = #(g,D) = t(D) as required. O

Theorem 5.7 A function #(D) is defined as a maximal invariant if it is invariant
(constant on all its orbits #(D) = t(gD)) and for each orbit takes on a different
value or if #(D) = t(D') = D' = gD for some g € G. Further if #D) is a maximal
invariant with respect to G then any test that is a function of ¢, T(D) = f(t(D)) is
invariant for all D and conversely if 7(D) is an invariant test then it depends on
the maximal invariant #(D).

Proof: Let T(D) = f(t(D)), (D) is the maximal invariant, then T(gD) = f(t(gD)) =
f((D)) = T(D) such that T is invariant. Conversely if T is invariant and #(D) is a
maximal invariant then

T(D) = T(gD) and t(D) = #(D') implies D' = gD

for some g then T(D) = T(D') so that T depends on .
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Hence for a class of invariant tests we need only consider the maximal invariant.

Let D ~ Fy for 6 € O and let g be a one-to-one transformation of the sample
space S onto itself. Let gD be the random variable that transforms D by g and
hence has distribution Fy and assume 6 € © and all 8 = g0 is the induced trans-
formation. Now we say that the parameter set ® remains invariant (is preserved)
under g if g6 € O for all § € O and if in addition for any ¢ € O there exists a
0 € O such that g'6 = . We express this by

g0 =0.

The transformation of ® onto itself then is one-to-one provided that Fy correspond-
ing to different values of 6 are distinct. Further we say that the problem of testing H :
0 € Oy vs. K : 0 € Ok remains invariant under a transformation g if g’ preserves
both ®y and Ok that is,

g/(")[-[ = ®H and g/G)K = ®K-

If G is a class of transformations that leave the problem invariant and G the
smallest class of transformations containing G that is a group, then G will also
leave the problem invariant. U

Example 5.7
Suppose X;, ..., X, are i.i.d. N(u, 0®) and Yi,..., Y, are i.i.d. N(u, 7). Consider

- 7
H()ZO’2=7'2 or ?:12;7
7 ?
H :0? # 7 SFL1#A

The transformation

X =aX;+b and Y =aYi+c, a#0, X =Y, Y =X,

L

is such that varX, = avarX;, varY] = a?varY; so

& PP
=1, Hlﬁ#l

/ .

H, : ——
0" g2
Under the transformations X! = ¥; and Y} = X;,

a’7 e T , a7 e T
Hg:mzl iff ;:1 H{:W#l iff ;7&1,
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So the problem is invariant under the transformations, that is, a linear transformation
and a permutation. Consider

T(D)=1 if t=Max[Z, Z7'> k.

=0 otherwise

33X - X)?
for Z = 7202 — 1_/)2 .
Note that
;a3 —X)?
a3y -y

(Y -V S —X?

SX -X)Y S(-v)?
and

(X — X)? _ 3y -¥) -
(Y - Y 2 - X)? '

Hence ¢ is invariant under the transformations and 7(D) is UMP among invariant
tests. It can be made UMPU. Usually we use equal tail probabilities which bias
the test. For unequal sample sizes and a one sided alternative the test is also
UMPU and UMPL

Example 5.8

Consider
Xj~ N, o) i=1,....k j=1,...,n,

and let
Hy: 0} =---=0; vs. H : one or more of the o7 are different.

For k > 2 no UMPU or UMPI test exists. A UMPI test may actually be inadmissible
as the following example by Stein shows.

Example 5.9

Let
_(Xn (X N 0 N 0
0= (x0) = () xme((6) ) me((5) 43)
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and
S — ( 021 pai Uz)
po107 0%
is non-singular. To test

H:A=1 03,03, p are unspecified, versus
K:A>1 o7, 03,p are unspecified,

we note that for any non-singular transformation A
Y1 =AX), Y, =AX, EY,=0=EY,,

Cov(Y1) = A2A’, Cov(Y,) = AASA’ that H and K are invariant under all A. We now
inquire as to the totality of invariant tests 7 under a non-singular transformation.
Now the set of data points:

D =X, X)) = (xll x2|>

X12 X2

is non-singular with probability 1 since P(X;;X2 = X21X2) = 0. Therefore the
sample space is the set of all such real non-singular matrices D. Further for any 2
such matrices D and D’ there exists a non-singular transformation A such that
D’ = AD. Since for any D € S as we go through all non-singular transformations
A, the orbit traced out is the whole sample space S. Hence there is a single orbit
and the only invariant transformation #(D) has to be constant over the single orbit
or since T(D) = f(¢(D)) this implies T(D) = constant for all D. Hence the only
invariant test of size a is T(D) = «. It then follows vacuously that among all invar-
iant tests it is UMP or UMPI and consequently useless.

Now X/ and X3, are independently distributed as N (0, 021) and N(0, Ao%). Hence

Xh ﬁlwf
of "1 Aop M

are independent chi-square variables with one degree of freedom. Let U = X3, /X3,
and reject H if U < k,. Then

X3,/ 07A

Xiyjor D

where F(1, 1) is the F variate with degrees of freedom (1, 1) and U ~ AF(1, 1)
under K. Now

a=PU < Fu(1, DA =1)
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but
1 —BA)=PIU <AF, (1, DIA>1) >«

and 1 — B(A) increases monotonically as A increases. Hence the UMPI test is
inadmissible in that it is dominated by this test.

Example 5.10

A UMPI level a = 0.1 test can be obtained for H vs. K, Hacking (1965), where
probabilities for H and K obtain as in Table 5.1.
First note that at level 0.1

LHID=0) 090
LK;|D=0) 091’

while

LHID=j) 1 )
HHP=D 2 i 100,
LK D=j 90 7

LGHID #j,0) _0.001 _

LKK;ID #j0) 0

Table 5.1: Probabilities for H and K

D 0 1 2 3 S Jj - - 99 100
H 9 001 001 w001 - - - . 001 - - . 001 .001
K, 91 .09 0 0 0 0 0
K> 91 0 .09 0 . 0 0 0
K; 91 0 0 .09 0 0 0 0
. . . . 0 . .
K .
. 0
K; 91 O 0 0 0 .09 0 0 0

Kio| 91 0 0 0 . N ¢ .09




5.4 INVARIANT TESTS 61

A randomized MP test of H vs. Kj at level a = 0.1 is

1 if b=j j=1,...,100
T(D)=1{0.11 if D=0
0 if D#0,j

since

a=0.001 +0.11 x 0.90 = .1
1 -B8=0.0940.11 x 0.91 = 0.1901.

However, no UMP test for H vs. K exists since it depends on K.
If we used the test for K; on K,

1-B,=0+091 x0.11 =0.1001,

which has less power than using it for K;. Intuitively it would appear if D = 0 is
observed there is very little to discriminate between H and K, butif D # 0 occurred,
say D = 2, then while we can rule out all K; for j # 2, K> has 90 times the support
of H. Therefore, at first glance, it would appear reasonable to reject H if D > 0
occurred. Consider the test

(1 if D=j forj=1,...,100
T(D)_{o if D=0,

such that @« = 0.1 and 1 — 8 = 0.09 so this “reasonable” test is “worse than useless”
since for & = 0.1 more power can be obtained for 7(D) = 0.1. This is the likelihood
test, but the N-P UMPI test is

D=0
T*(D) =

S Ol =

D=j for j=1,...,100,

where a = % x09=0.1,1-8= é x 0.91 = 0.101.
To show that this is the UMPI test we note, due to the symmetry of the problem,
that it is clear that any transformation of H and K must send 0 — 0 and

(1,...,100) — (i,...,i100) where (i,..., ijp0) is a permutation of (1,...,100).
Hence invariant tests must treat D = 0 in one way and D = 1,...,100 in the same
way so that

a=0.1> Ey(T(D)) = T(0)P(D = 0|H) + T(D # 0)P(D # O|H)
=T0)x09+T(D # 0) x 0.1 =0.9p +0.1q
1 — B = Ex(T(D)) = T(0O)P(D = 0|K) + T(D # 0)P(D # 0|K)
=091p + 0.09g = max.
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We can add to p and g until .9p 4 0.1¢g = 0.1 and then solve for g from 9p + g = 1.
Hence

1
g=1-9p, 0§p§§

0.91p 4+ 0.09(1 — 9p) = max
0.1p + 0.09 = max.

The left-hand side is an increasing function of p then we set p = % and hence ¢ =0
therefore 1 — 8 = 0.91 x % =0.1011 and

1
_ | — 0
TGh={9 ’
0 j#0
is the UMPI test.
Now notice that the likelihood test
0 if D=0
D)= { I if D=1,..,100

is also invariant and has minimum power among all level o = .1 tests, since
for 9p+ g =1 and .1p 4+ .09 = minimum for p =0 and has power .09 so the
likelihood test is a uniformly least powerful invariant test (ULPI). Note also that
the tests UMPI and ULPI never agree to reject H, so they are contradictory. Also if
we are using the UMPI test for evaluating H in the light of the result of a trial it
would be very strange since if say D = 2 occurred we would know that only K,
among all the K;’s was possible so that a MP test would reject H for K, but the
UMPI test tells us to reject K. This is not a paradox since the N-P test theory is
based on a pre-trial assessment and before the trial the UMPI test is best.

Remark: If no UMPU or UMPI test exists the next step is to look for a UMP among
all tests that are both unbiased and invariant and this would be a UMPUI test.

5.5 LOCALLY BEST TESTS

When there are no UMP tests we may sometimes restrict the alternative parameter
values to cases of presumably critical interest and look for high power against these
alternatives. In particular if interest is focused on alternatives close to Hy : say 6 = 6y,
we could define 8(6) as a measure of the discrepancy of a close alternative from Hj.

Definition: A level a test T is defined as locally most powerful (LMP) if for every
other test T* there exists a A such that

1 —Br(6) =1 — Br(H forall 6 such that 0 < () < A.
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Theorem 5.8 If among all unbiased level « tests 7%, T is LMP then we say T is
LMPU.

1. For real 6 for any T* such that 1 — 3;.(6) is continuously differentiable at
0 =06y with H; : 6> 6y or H; : 0 < 6y (i.e., one sided tests) a LMP test
exists and is defined such that for all level « tests T* there is a unique T
such that

d(l—Br*(H))} _r
de —

arg II%_EI*X |:

2. For 6 real valued and 1 — 3;.(6) twice continuously differentiable at 6 = 6,
for all T*, then a LMPU level « test T exists of Hy: 6 = 6y vs. H; : 0 # 6,
and is given by

(1= Br(0)]
arngQX[T} o T = 1-0:6)=1—pB(6

for 0 < 8(6) < A. All locally unbiased tests result in

d[l — Br-(9)]

=0
do

0=00

given the condition of being continuously differentiable.

Proof of (1): For a test T*

Yr-(0) =1 — Br.(0) = JT*f(DW)d,U»,
o
(0) = | T —du.
'YT( ) J EY: 122
Suppose y7(60) > yr«(6). Then note that

Yr(6o) =1 — Br(6o) =1 — Br(6p) = yp(60)
V(6 + AB) — y(6p) > lim v+ (60 + AB) — y7.(60)
A6 A6—0 AO

Yr(6o + A0O) — yr- (6 + A6) =0
AG -

Yr(6o) = dim = v7.(6p)

/ / T
¥ (00) = ¥-(B) = Jim



64 UNBIASED AND INVARIANT TESTS

such that for some A6 > 0

vr (6o + A6) > yr. (6 + A6)

or
1 — B(0) > 1 — Bp(8) for by < 6 < 6+ A6.
Then
a = v (6 = | T'fodu = | Thodu = v (@)
and
J(T — TYfadp = 0.
For k>0
0 < kY80 — 00 = k[T = TV du
- J(T — Tpd
- J(T — Tk, — faldp.
Now if

1 for fo, <Kkfy,

T(D)=13p for fo =kfy ,
0 for fo > kfy,

and defining s; U s, = § in the table below

Soo <Ky, | Jo > Kfy,
T>T* S1 ]
T<T* [ 52

then

0< j (T = TYUf;, — fa )l = k(¥ (Bo) — Vi (60))
S
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and the N-P lemma is satisfied. If the inequality holds then 7 is unique and has maxi-
mum power in an interval around 6y and is LMP.

For a Locally Most Powerful Unbiased (LMPU) test Neyman and Pearson
(1936-1938) show that

1 if  kif(D]6o) + kaof '(D16) < f"(Dl6o)
T(D)=3p if
0 if

\

where k; and k, are determined to satisfy
E[T(D)|60] = , Jf/(Dleo)d,w =0,

is LMPU.

5.6 TEST CONSTRUCTION

So far N-P theory has not really given a principle for constructing a test. It has indi-
cated how we should compare tests that is, for a given size the test with the larger
power is superior, or for sample space S, we want 7(D) to be such that for all
tests T*(D)

E(T*|H) < a
choose T(D) such that
E(T*|K) < E(T|K)

and as this doesn’t always happen we go on to other criteria, unbiasedness,
invariance, and so forth.

There are several test construction methods that are not dependent on the N-P
approach but are often evaluated by the properties inherent in that approach. The
most popular one is the Likelihood Ratio Test (LRT) criterion.

Specifically the Likelihood Ratio Test (LRT) criterion statistic for a set of
parameters 6 to test Hy vs. Ky is defined as

SUPoep, L(6|D)
SUPge#,uk,) L(OID)

=D))< 1

with critical region defined as A < k, reject Hy. This yields

P{AD) < ko) < .
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A variation is

SUPyep, L(6,|D) — X(D)
supgex, L(6|D) ’

so that if A* < 1 then A = A", if A* > 1 then A = 1.

So whenever the rejection region is A < k, < 1 they are identical. Now for a
simple null versus a simple alternative it is essentially a likelihood test and by
N-P it is MP or UMP. More generally if a UMP test exists it is expected that the
LRT will be UMP, but this remains to be shown. At any rate UMP tests are rare.

If a UMP does not exist and we look for a UMPU test the LRT will on occasion
produce a biased test but sometimes a simple bias adjustment that is, substitute
unbiased estimates for the maximum likelihood estimates, will correct this. Even
UMPU tests are rare and in the general linear hypothesis we often get a UMPI
test by virtue of the LRT criterion and the LRT would seem to be valuable where
UMP and UMPU tests do not exist. Although a LRT is often biased it has a property,
under rather general conditions for example, d?logf(x|6)/d6* exists and is
dominated by an integrable function, that it is consistent in the sense that for
D,(xy, ..., x,) and P(A(D,) < Aq,|Hg) < a then

lim P(A(D,) < )\a,n|K0) = lim (1 - Bn Ke) =1
n— o0 n—x ’

that is, for any member of the alternative K,y the power tends to 1 as n increases or the
probability of rejecting a false hypothesis increases with n and tends to certainty.
This also shows that the LRT is asymptotically unbiased although an unbiased
test need not be consistent.

An LRT also has the property that under “pleasant regularity conditions”

—2log AM(D,) — X,2

a chi-square with r degrees of freedom under H, where
0=(61,....0, Orp1,..., 0) = (67, 6577)
0 = (610, ... 6,0)
Hy: 69 = Gg) , 6" unspecified
H,: 67 0. 6" unspecified.

Example 5.11
Let X;,X5,...,X, 1.i.d. with

1
0= ey
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Consider
Hy:0=0, versus H;:0 # 0.
It is easy to show that a test based on X is unbiased but not consistent.

An example of a worse than useless LRT, reported by Lehmann (1950), is
demonstrated in the following:

Example 5.12
Consider the following table of probabilities under Hy and H:
D -2 -1 0 1 2
P(D|Hy) a2 %— a a %— a a/2
POIHY) | 61— 0) (—o)(Zh) o(Z) (G-o)(E3) 66

and the following null and alternative hypotheses
1 1
H01a<§andknown01:a, 02:5

1 1
H1:O§01<a<§, 0<6, <1, 02#5

The LRT of level « is based on

Ay = _LHID)

sup L(H|D)
D -2 -1 0 1 2
L(Hy|D) a2 %—a a %—a a2
supL(H||D) | « (%—a)/(l -a) 1% (%—a)/(l )] el
LRT A(D) | 1/2 -« -« l—a 1/2

First note the following level « test which is not the LRT. Define T such that

1 whenD =0

T(D):{() D= +1and + 2.

Since « <% then 1 — « >% and T has size a and power a('li—o') > « since

(03
1—6>1-—a.
Now consider the LRT:

1 if AD)<1l—a or D=-2,2
T(D)—{O if \D)>1—a or D=-1,0,1.
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This results in level = P(D = 2|Hy) + P(D = —2|Hy) = §+ 5 = a and power =
P(D =2|H))+ P(D = -2|H)) = 06,(1 — 6,) + 6,0, = 6; < a such that the LRT
is “worse than useless.” Notice also that LRT is also a likelihood test.

Perhaps we are paying too much attention to size and power which are pre-test
evaluations and not necessarily appropriate for post-trial evaluations.

5.7 REMARKS ON N-P THEORY

A synopsis of criticisms of N-P theory due to Hacking (1965) follows. The N-P
hypothesis testing theory is then one of fixing a small size and searching for large
power. The rationale behind it is to search for rules for governing our behavior
with regard to hypotheses (without hoping to know whether any one of them is
true or false) which will ensure that in the long run we shall not be wrong
too often. To assert whether H be rejected or not, calculate D (the observables)
and if D € s reject H, if D & s accept H. Such a rule tells us nothing as to
whether in a particular case H is true when D & s or false when D € 5. If we
behave in such a way we shall reject when it is true not more than 100 a% of the
time and in addition we may have evidence that we shall reject H sufficiently
often when it is false.

Presumably if we behave in such a way and keep « fixed we shall reject hypo-
theses tested through our lifetimes that are true not more than 100 a% of the time
(i.e., there is a very high likelihood that this will happen in the long run), and
really one is no more or less certain about any of these hypotheses. But if we had
to adopt a testing policy now and were bound to follow it for the rest of our lives
so that for every false hypothesis we rejected we would have bestowed upon us &
heavenly units and likewise for every true hypothesis we accept, while we lose
the same for each true one we reject and every false one we accept then this is
the best life long policy—but no one has ever been in this situation. This is of
course a pre-trial, not a post trial evaluation.

Now it may be that before a trial a decision must be made (because accuracy is
difficult or tedious or it may be economical to do so) only to note whether a trial
made is in s or not. This may be wholly rational and in this case N-P theory is an
economical post trial evaluation. Of course in some cases, say, a simple Hy vs. a
simple H;, where a MP test exists, the extra knowledge will not change our evalu-
ations of Hy. In these cases where a rational decision to discard or ignore data the
N-P theory is a special case of likelihood.

In any event the N-P theory can be viewed from a likelihood perspective:

P(D € s|H)=L(H|D € s) < a(H) say small relative to
P(D €sIK)=LKIDEs)y=1—B(K) so
_LH|D € s) - a(H)

“LKDEs ~1-pK) Smal

0
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Another way of looking at N-P theory is that the N-P testing program (small size,
large power) is well supported before a trial is made and data observed. Consider the
following metahypotheses:

M;: For the kind of experiment to be made the test will misclassify H that is,
reject H when true or accept H when false.

M,: For the kind of experiment to be made the test will correctly classify H that
is, accept when true and reject when false.

In view of the low size and large power of the test M, is much better supported than
M, but only before a trial is made. Since we are dealing with the long run let p be the
fraction of the time H is true. Then for H representing H false,

P(reject H|H) = a, P(accept HIH) =1 — «

P(reject HIH) =1 — 83, P(accept H|H) = B
_POLID _ pl—a)+ (1 —p)(1 —P)

P(M, D) pa+(1—p)B

Ifa<pBthenl —a>1-pand

PI-P+1-pI1-p_1-8

R sva=pp  ~ B

If @ > B then

>p(1—a)+(1—p)(1—a)=1—a.

R
pa+ (1 —pa a

So M, is well supported relative to M|, assuming low size and large power.

But if we actually observe D € s so that H is less well supported than K we
should not necessarily reject H because the actual value of D may be an observation
which cannot occur if H is false.

5.8 FURTHER REMARKS ON N-P THEORY

We now reconsider an example presented earlier.

Example 3.2 (continued)

Suppose we make independent trials of Binary variables with probability p then if
we hold n = number trials fixed and got r successes then

P(R = rln) = (’Z)p’(l —p)y.
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Forn:SHo:p:%Hl p=n <%anda:%aUMPN-Ptestis

1 if r=0
T(r) = 1 if r=1

5

0 if r>1,

— (5\(1\>_L L (5\(1)°_ 1
soa=(3)3) +5()0Q) =1
Now suppose the trial was conducted until we got r heads which took n trials
(random). Then

—1 B
Fln = (};—l>pr(1_l7)" Ton=rr4+1,....

Note Lg(p|r) = Lyp(p|n) = p"(1 — p)*~", that is, the binomial and negative binomial
likelihoods are the same.
Now suppose for « = 1/16 and r = 1, so

1 n
P(N:nlr: l,pzi) = (;) s

such that
P(N<4)—1+1+]+1—]5
-7 72 4 8 10 16
or P(N > 5) = 1/16, hence
1 if n>5
T(”)—{o if n<4

Now if the data in both experiments were r = 1, n = 5 then for the Binomial
trials we would reject with probability % and with the negative binomial trials we
would reject with probability 1. So as previously noted the likelihood principle
and likelihood tests are contradicted although in both cases

L=p(1 —p)*.

Clearly the difference is due to differing rejection regions and that has to do with
fixing the same « in both experiments and maximizing 1 — 8 or minimizing (.

Suppose instead we sought in each experiment to minimize « + kB where k
is the relative importance of 8 with respect to « recalling a = P(reject Hy|H),
B = P(reject H|H,). For the simple dichotomy where fy(D)/f1(D) represents the
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ratio of likelihoods,

a+kB=a+kl—(1-p)]

_ j T(DYo(D)dp + k — kj T(DY(Dydp

—k+ j D)y — kfiJd .
Minimization of the above occurs whenever

fo(D) —kfi(D) >0, TD)=0
foD) —kfi(D) <0, TWD)=1

and T(D) is arbitrary when fy(D) = kfi (D). Then the test 7(D) that minimizes o + kf3
rejects Hy when

Jfo(D) -
fiD)

and is a likelihood test. Note it doesn’t fix « in advance and for each n, o + k8 will
be minimized and a function of n.

Now in the case discussed the Likelihood test was the same for  and n whether it
was Lp or Lyg. In the particular case Hy : p = %,Hl p=p < % we reject if

1/2ya/)"r

< k.
i —p)""

Solving for r yields rejection if

P1
log k nlog(l 1/2) logk
= + nai(p1).
1 —p l—p 12 1 —p
log log| —— x — log
P 172 pi pi

1
Now for p; <3

r <<

l—p 172 . 1
< — 1— < -
12 o since (1 —pi)p: 1

1
then a;(p;) < 5 so that

log k
r<— 8% L a(pn is the likelihood test.

1 (1 —Pl)
0og
pP1
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But the rejection region for the LRT depends on fixing « for each n and calculating

log ku(n)

W + a1 (p1)n,
og
pP1

r<<

such that

- logka(n)
1 (1—P1>
og

P1

Suppose for large samples we use the normal approximation to the binomial then

P|:r—np < —za] = « where J
1P q

The value of log k,(n) under Hy : p = % can be obtained. Since

+ai(pn|Hy | = a.

—Z

—oo V 2

e P47 = a.

n
r—= 1_
P~ 2 - logkal(”) G lal(Pl))” _a
Eﬁ %Jﬁlog( Pl) EN/Z
P1
then
L, = logkn) (3 —ai(p))n
a T 1_ - 1
5«/510g<p1) 2V
P1
and
1 1 1-—
— V1 2o+ (5= @) )n=logka(n) [ log(—L1).
2 2 P1
Hence

nlog(1 —171)
log k, 1
Plr< 08 ko) + 1/2 iP|:r<——\/ﬁza+Ei|:a.
) 1—p <l —pl) 2 2
og log
p1 p1

What happens if one continues sampling? Is one certain to find that for some n

1
r< g - EZM/E when Hj is true

that is, be sure to reject Hy when Hj) is true? We can answer this by appealing to the
Law of the Iterated Logarithm.
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5.9 LAW OF THE ITERATED LOGARITHM (LIL)

Let Xi,X,... be i.i.d. random variables with E(X;) = uVar(X;) = 0% and
E|X|**® < oo for some & > 0. Then with probability 1 the inequality

X, —nu

1
< — 2
ot (Aloglogn)

l

X; < nu — (no*Aloglog n)% or
=1

is satisfied for infinitely many n if A <2 but for only finitely many if A > 2.
Similarly

3X; —nu

> (Alog log n):
s~ (Wloglogn)

SX; > np + (no*Aloglogn)? or

is satisfied for infinitely many n if A < 2, but only for finitely many n if A > 2.
Further (almost surely)

hmsupw - 1.

n—eo  (2loglog n)y?

We apply the LIL to n i.i.d. binary variables where P(X; =0) = P(X; = 1) =1
where E(X;) = %, var(X;) = %. Then for A = 1, consider the event
1

2

<2~ (Rloglogn)

r<-—{(-lo .

2 \goeosn

Sooner or later if we continue sampling then for sufficiently large n
(loglog n)% > Za

since z, is a constant. Then

1
—Glog log n)2< - gza

and

1
n_ (Eloglogn)2< n_ vn

2 \4 27 e

Therefore, with probability 1 the inequality

r<<

n n
27y
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is satisfied for infinitely many » and one is therefore certain to reject Hy when Hy is
true if one sets out to do this by continually sampling until one finds

n /n
r<;—-5"Za
2 2
which is certain to happen sooner or later. In other words, we have sampled to a
foregone conclusion.

Now consider the likelihood test which is reject Hy if for fixed k

logk n logk
r<—68 =24 —22% 12— ap)n
) <1—p1> 2 (1—171)
og log
P1 P1
1
0<01(P1)<§-

Now for sufficiently large n and A = 4,

_ ek 12— o < (nloglog

( 1)
IOg
Fl

logk
H_,_L_(l/z—al(p]))n >t (nloglogn)%
2 10g<1_p1> 2

or

P1

is satisfied for only finitely many n. Moreover, r < n/2 — (nloglog n)% for only
finitely many »n with probability one. Therefore it is not certain that using the like-
lihood test by one who unscrupulously sets out to reject the null hypothesis will do
so. One could very well sample forever and still not reject. But using the N-P
approach for each n will make rejection certain.

A bound on P(reject Hy|Hy) for all n can be obtained for the likelihood test

L(by) _
L(6)

k<1.

Lethm :f(xl’ ey -xm|00) andflm :flm(xl’ ey xm|01) and

:me

Im

On < k reject Hy : 6 = 6.

On the nth trial the probability of rejecting Hy when Hj is true is
Py, =P[Q, >k for m=1,...,n—1 and Q, <Kk,
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such that

(o)

Pleject HolHo) =Y Pou= Y | fude”.
Win

n=1 n=1
where x™ = (x,..., x,) and
Wi =[(x1,..., xp); On=k form=1,...,n—1, Q, <k].

For the test to terminate on the nth observation we need f, < kf}, or

J Fondx® < kj Find®.
W] n Wln

Now

P(reject Ho|Ho) = ZJ Jondx™ < k ZJ Sindx™.
Win Win

n=1 n=1

Also fwlnf 1ndx™ = P(reject Hy on nth observation |H;) such that

[o )

ZJ findx = P[reject Hy|H,].
Win

n=1

Hence P(rejecting Hy|Hy) < kP(reject Hy|H] < k such that probability that the test
never terminates is greater than 1 — k which can be crude in many cases.
An application of LIL was given by Barnard (1969).

Example 5.13

In British Standards 3704, 1964 on Condoms the sampling clause reads as follows:

3.a. Sampling. “Specimens constituting the test sample shall be taken at random from each
quantum of production. The number of these specimens shall not be less than 1% of the
number of articles in each quantum. ...”

The number of test specimens n and the number of rejected specimens r from a
sequence of production quanta shall be recorded. The cumulative total of test speci-
mens N and the cumulative total of rejects R shall be recorded and the products shall
be deemed to comply with the requirements of this British Standard or acceptance of
p <0.01if

R < 0.01N +3+0.01N
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or introducing the standardized variable

Z, — R — Np <(0.01—p)\/]v+ 0.3 .
VNp(I—p) = /p(d—p)  /p(d—p)

Consider Hy : p < 0.01 vs. H; : p > 0.01.
Now for p > 0.01 and for a > 0

—a/N 0.3
Z .
VT VS e

Since this right-hand side declines faster than —./2loglog N then Zy, sooner or
later, will be greater than the right-hand side with probability 1. It is also true if p =
0.01 where the right-hand side is constant. So if Hj is false it will be rejected sooner
or later.

Now if p < 0.01

bv/N 0.3

Iy < b >
NS P

Since the right-hand side grows faster than (2loglog N )% this is satisfied for all but
finitely many N so there is a non-zero probability that this will be satisfied for all N.

The procedure then is to continue sampling and accepting until
R > 0.0IN + 34/0.01N. Then reject and reset the manufacturing device. At any
rate this is a test whose power is virtually 1.

5.10 SEQUENTIAL ANALYSIS

Up to now we have studied cases where the sample size N was a fixed value deter-
mined prior to taking observations except in negative binomial and multinomial
sampling where the sample size N was a random variable. We now study the situ-
ation where we sample sequentially to test a null hypothesis versus a rival hypoth-
esis. Here the test may terminate at some value of N = n as opposed to waiting until
a fixed number of observations are in hand.

5.11 SEQUENTIAL PROBABILITY RATIO TEST (SPRT)

For testing a simple Hy versus a simple alternative H;, where

Hy:f=fo, versus Hj:f=fy,
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we define the ratio

[T SOl ) _ fon _

[T fxil6) — fin

and two positive constants A and B.
The test as defined by Wald (1947) at each n accepts Hy if O, > B, accepts H; if
0, < A and requires sampling another observation if

A<Q,<B.
A and B are to be determined such that the test is of size o and power 1 — B. Set

P]NZP[A<Q”<B, n=1,...,N—1, and QNZB|H1],
WON:[(X],...,)CN)IA<QH<B, n=1,...,N—1, QNEB],

then

Py = J Sivdp.
Won

Now the probability of accepting Hy when H; is true is

B= ZPIN-
=1

Similarly,

PON:P[A<Qn<B:n:1,...,N—1 and QN§A|H0],
Wiy =1[&1,...,xn):A< 0, <B, =1,...,N—1, Oy =<A],

Poy = J Sfovdu,
Win

and the probability of accepting H; where Hy is true is

[o)
a = E P()N.
N=1

Now Wald showed that the test terminates with probability one that is, sooner
or later the boundary points will be hit. Thus for any given sample size N that
terminates with acceptance of Hy we have

fov = Bfin.
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Integrating both sides over Wyy and then summing with respect to N yields
1—a> BB,

or

B

l—«

>

| —

Similarly, for given sample size N that terminates with acceptance of Hj,
a<A(l-p) <A,
resulting in reasonable upper bounds on « and 8 when
A<1<B.

Now suppose that the true errors incurred, by using

or
d1-p=<al-p) Bl-a=pl-d.
This results in
o+ B <a+p,

implying that either o < aor 8 < B or both. Hence the overall protection & + 8 is
at least as good as the presumed protection « + B derived from

1
« =A and P =—.
1-B l—-a B

One of the features of this SPRT is that for fixed @ and 8 the SPRT minimizes the
expected sample sizes so on average the SPRT will come to a conclusion more
quickly than the fixed sample size test.
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Notice also that this is basically a likelihood test that conforms to Neyman-
Pearson size and power modifications.
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CHAPTER SIX

Elements of Bayesianism

Bayesian inference involves placing a probability distribution on all unknown quan-
tities in a statistical problem. So in addition to a probability model for the data, prob-
ability is also specified for any unknown parameters associated with it. If future
observables are to be predicted, probability is posed for these as well. The Bayesian
inference is thus the conditional distribution of unknown parameters (and/or future
observables) given the data. This can be quite simple if everything being modeled is
discrete, or quite complex if the class of models considered for the data is broad.

This chapter presents the fundamental elements of Bayesian testing for simple
versus simple, composite versus composite and for point null versus composite
alternative, hypotheses. Several applications are given. The use of Jeffreys “nonin-
formative” priors for making general Bayesian inferences in binomial and negative
binomial sampling, and methods for hypergeometric and negative hypergeometric
sampling, are also discussed. This discussion leads to a presentation and proof of
de Finetti’s theorem for Bernoulli trials. The chapter then gives a presentation of
another de Finetti result that Bayesian assignment of probabilities is both necessary
and sufficient for “coherence,” in a particular setting. The chapter concludes with a
discussion and illustration of model selection.

6.1 BAYESIAN TESTING
Recall

P(A|B)P(B) = P(A, B) = P(B|A)P(A),
where A and B are events in S. If X, Y are jointly discrete

fe, y)=PX =x, Y=y)=PX=x|Y =y)P(Y =y) = P(Y =y|X =x)P(X =x).

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.
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If X and Y are jointly absolutely continuous so that

y X
Fx y(x, y) =J J Sx.y(u, vydu dv

then

Joy) =fxly) fO) =F(yIf ).

In general, whether X, Y are discrete, continuous or one is discrete and the other
continuous

RACIONAC);
fOl) = T
> fGxly) £ if Y s discrete
fo=1 /.

J f(xy) f(y)dy if Y is continuous

Note also that

JFlx) o< fx[y)f (v).

In a situation where we have D ~ f(D|6) and an assumed prior probability
function for # € ® namely g(6) then

J(61D) o< L(6] D)g(6).

Now suppose that Hy : 6 = 6y vs. H; : 6 = 0. If we assume that P(6 = 6;) = p and
P(6= 60;) =1 — p then

P(0 = 60|D) o< L(6p|D)p,
P(0 = 6,|D) oc L(6:|D)(1 — p),

and

P(O=6ID) _ p  L6ID)
P(0=6,ID) 1-p L(6ID)

So we have that the Posterior Odds = Prior odds x Likelihood Ratio or

Log Posterior odds — log Prior odds = log Likelihood Ratio,
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where the right-hand side can be considered as the information in the experiment
relative to the two hypotheses or how you modify the prior odds by data D.
If (L(60|D))/(L(6,]|D)) = 1 the data are uniformative as to discriminating between
hypotheses.

Example 6.1
Suppose L(6|r) = (1 — )" then

PO = 0lr) _ (1 —60)"" P
P(0=6lr) &(1—6)"" 1-p

If Xy, ..., X, are i.i.d. then
LOID) = [ [ £(xil6),
i=1

and thus

pIT— f(xil60)

Pl f&il6o) + (A —p) [T, f(xil6)
1

L U —p) Sl

PO = Olxi, ...,x,) =

1+
p izlf(xile())
1
PO =0lx1, ..., x,) = n .
147 S (xil6o)
l_pl‘zlf(xi|91)

Now suppose 0, is actually the true value. We now will show that the limiting pos-
terior probability, lim P(0 = 0;|xy, ..., x,) = 1, if 0; is the true value.

Consider
J(xil6o)\ _ fo) _
Ey, (logf(xi|01)> = Ey, (log f1> =, say.

Jensen’s inequality states that E [g(Y)] > g(E(Y)) if g(Y) is a convex function with
equality only if Y is degenerate. Now —log Y'is convex since —log Y is twice differ-
entiable and g”(y) > 0 implies convexity, that is, g(az + By) < ag(z) + Bg(y) for all
zandyand a4+ B=1fora> 0Oand B> 0.

Hence
—u = Ey, (— log%> > —logEy, <}C—0>,
1 1
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or

w < log Eq, (2) = log J%fldx,- =log1 =0.

Since Y; = logﬁz;g’; are i.i.d. and Ey, (Y;) = u,
I Sfxil6o)
lim — lo =
nwn; & Fxilon

by the Strong Law of Large Numbers (SLLN).
SLLN: Let Y}, Y>, ... be a sequence of random variables i.i.d. with mean u and
for every pair € > 0 and 0 > O there is an N such that

Plsup|Y, —u| < € > 1—8 i.e. with probability 1.
n>N

Now
1 = f(xil6o) f(xl|00)
—lo - <0,
gl:l[f(xiw]) Z Sreiony M
so that
f(-xl | 00) w .
e — 0 since u < 0.
n~>oo l_[f(xl|01) n~>oo K
Hence with probability 1
lim P(6 = 6;|xy, ..., x,) = 1if 6; is true.

n— 0o

6.2 TESTING A COMPOSITE VS. A COMPOSITE

Suppose we can assume that the parameter or set of parameters 6 € ©® is
assigned a prior distribution (subjective or objective) that is, we may be
sampling 6 from a hypothetical population specifying a probability function
g(6), or our beliefs about 6 can be summarized by a g(6) or we may assume
a g(0) that purports to reflect our prior ignorance. We are interested in deciding
whether

Hy : 0€0y or H : 0€0; for OgNO; =47.



6.2 TESTING A COMPOSITE VS. A COMPOSITE 85

Now the posterior probability function is

L(6|D)g(6)

P(OID) o< LODYFO) o p(OD) =17 g
0

using the Lebesgue-Stieltjes integral representation in the denominator above.
Usually Oy U ©; = O but this is not necessary. We calculate

P(0 € Oy|D) = J dP(6\D)
[CH)

P(0E O,|D)= J dP(6\D)
(€]

1

and calculate the posterior odds

P(6 € ©y|D)
P(6 € ©,D)

and if this is greater than some predetermined value k choose Hy, and if less choose
H,, and if equal to k be indifferent.

Example 6.2
Suppose

LOD) =1 -0, 0<6<1,

and we assume g(0) =1, 0 < 6 <1 and

1
H0:0<§, H : 6>

N =

Then
p(Olr) o< 0"(1 — 0)""
and

1
CP(O<iln 261 —6yde
PO=31n [l o7(1—0)y"do

2

We show that

—rt1
P(O<1/2|r) = P(X < u)
r+1
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where X ~ F(2r +2, 2n —2r+2), an F distribution with the arguments as the
degrees of freedom, so that

n—r+1 n—r+1
=PI X<——]) /Pl X>——|.
0=r(x <" ) [r(x=")

_ Y
1 —-60?* 1+y
v X ! X ! = 14

I+y" A+ A+ A+y*

Let vy =

1
dvy and 1 — 6 = ——, so that
L+

1-6°

p(ylr) ec

Then it is clear that

n—r+1) 0
=TT T FQr+2, 21—2r+2),
G+ 1-g Fertm Mot

Hence

H0<U%zPQG<D=PW<1—®=PG£3<1>

_p n—r—{—l_ 0 <n—r+1 :PX<n—r+1
r+1 1—-06 r+1 r+1

and
— 1
P<X<u>
r+1

0= n—r+1\"
1—P(x<>

r+1

To test,

H() : 0200 VS. H1 : 9#00,

the previous setup for a composite will not do. Also picking a null Hy : 6 = 6, would
imply that this may be an important value and that 6 = 6, is quite likely.

Let P(6 = 6y) = p and assume that all other values are subject to a prior density
g(0) 6 € O except 0 = 6. Observe that the prior CDF satisfies

[0 dG(o) < 6
G(6) = { ", dG(0) +p 6= 6
% dGO) +p + JL dGO) 6> 6.
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Then

00— 00
P(0 = 60|D) = Pf(DI(?o)/“ F(DI0)dG + f(D|6o)p + L f(DIOO)dG]

Suppose G(6) has a continuous derivative (dG)/(d6) = g(6) everywhere except
at 6 = 6y. Then P(6 = 6y|D) o< pf(D|6) and

PO # 00|D)OCJf(D|0)g(0)d(9, where J g(0)do=1—p for 6 # 6.
[ (C)

Example 6.3
Let Xy, ..., X, be i.i.d. Bernoulli variates with E(X;) = 6. Consider testing
Ho 0= 00.
Let
0(1 —p) 0<6<6
GO)=1b(d—-—p+p 0=10
p+o(l—p 6 <0<l
Note
dG(6)
—=01- Y 0 # 6.
70 (1-=p) # by

Then g(6) is uniform over all other values and

P(6 = 60|D) oc pb(1 — 60)" "

1
P(0 # 6y|D) ocJ 0"(1 — 6" (1 —p)d® for 6 # 6,
0

and
o PO=60ID)  pO -6 pB =)
I'n+2)
=L _n+ 1)<n)06(1 — 0" =L+ DP[rn, 6o].
(1-p) r I-p)
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For large n using the normal approximation to the binomial

P nt1 1 - S
~ + . noo(1—0p
A e T R

1 (r—nfh)’
~_ P n o 2nbo(—6).
1= pV 2m0o(1 — )

1 1
Suppose 6y = 7 and p = 2 and we are testing for bias in a coin. Then let

1 n
O = (n+ 1)(2’)@ :

where h = # heads and ¢ = # tails. Whenn=1,r=0o0r 1 and

Q1o =00 = 1.

Is this sensible? Since it is no different than the prior odds % =+ % = 1, there is no
information in the first observation (it has to be heads or tails). Further suppose 7 is
even and n=r=n —r =1 that is, equal number of successes and failures so
n = 2r. Then

0. — (n+ D Qr+ D!
DT =) 22l

Suppose another observation is taken and is heads, then

0 _ @r+2)
LT 2 (- I
or if it is tails
2r+2)!
Qr,rJrl =

22+ 1pl(r 4 1))
80 Q11 = O, r+1. Further,

@42 Qr+D! . @2r+2)

Or.r = 2r+2) 22l T 220+ (e 4 DI

- Qr+l,r - Qr, r+1-

Therefore the odds don’t change after an observation is made when previously we
had an equal number of heads and tails. Again the interpretation is that the next toss
has to be a head or a tail and this does not provide any new information. This is emi-
nently reasonable according to Jeffreys (1961), who proposed this test.
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Example 6.4

Test of equality of two binomial parameters.
Consider the sampling situation

R| ~ an(Ol, }’ll) R2 ~ Bm(Oz, nz)
n;

p(ril6;) =
7

1

)e,.’f(l — o), =1, 2

H()Z@]:Hz VS H11017+—02

Assumptions a priori are

g0, 6)=(1—p) for 6 # 6,
g®=p for 6, =6, =0.

Therefore,
!
P(0; = 01|ry, 1) OCPJ 6"t (1 — g2 d e
0
(ri +r)l(ny +ny — rp — rp)!
(l’l] +ny + 1)' ’
1,1 2
PO, # Balry, r2) o< (1 —p)J J 67(1 — 6" "d6ydb,
0Joig
_ (1 =pril(ng — roln!l(ng — r)!
(n1 + Dl(np + 1)!
Then
0= P61 =6, ) p rl(n —nl(ng + Dl(ny + 1)

g = X .
PO # Olri, ) 1—p @+ Dirln —rm)ln!ng —rn)!

Forri+rmn=r n+n=n

(h)(2)
0= p X(n1+1)(n2+1) r rn)
1—p n+1) <n)

-

89
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Ifp= % using the binomial approximation to the hypergeometric

o ()

6.3 SOME REMARKS ON PRIORS FOR THE BINOMIAL

1. Personal Priors. If one can elicit a personal subjective prior for 6 then his

posterior for 6 is personal as well and depending on the reasoning that went
into it may or may not convince anyone else about the posterior on 6. A con-
venient prior that is often used when subjective opinion can be molded into
this prior is the beta prior

g(6la, b) o< 671 (1 - 0)"",
when this is combined with the likelihood to yield

g(0|a, b’ V) oC 041+r—1(1 o 0)b+n—r—1.

. So-Called Ignorance or Informationless or Reference Priors. It appears that

in absence of information regarding 6, it was interpreted by Laplace that
Bayes used a uniform prior in his “Scholium”. An objection raised by
Fisher to this is essentially on the grounds of a lack of invariance. He
argued that setting a parameter 6 to be uniform resulted in, say 7= 6° (or
7= 7(60)) and then why not set 7 to be uniform so that g(7) =1, 0 < 7<1
then implies that g(#) = 3¢” instead g(6) = 1. Hence one will get different
answers depending on what function of the parameter is assumed uniform.

Jeffreys countered this lack of invariance with the following:

The Fisher Information quantity of a probability function f(x|0) is

dlogf 2
1) =E ,
0 —£(“5)
assuming it exists. Then set
g(6) = 12(6).
Now suppose 7= 7(6). Then
| 2 2
1oy p(H0EF ' p(dloef  do
dr deo dr

2 2
_E dlogf y d_0 ,
de dr
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or

d 2
1<r>(d—;) = 1(0),

and thus
[3(DdT = I13(0)d6.

So if you start with the prior for 6 to be g(6) oc I%(O) this leads to g(7) oc I%(T).
Note also if we set

6
T= J 12(0))de’

then
dr = 1%(6)d

and 7is uniform. At any rate, Jeffreys solved the invariance problem for the binomial
by noting that

_(dlogf\*  _(dlogf
1(0)_E< do >__E< de* )

and consequently, for the Binomial
n
logf = log( ) +rlogf+ (n—r)log(l — 6)
r

dlogf r (n—r) d’logf  r  (n—r)

9~ 6 1-6" 4 & (1- 0y
d’logf nf (n—nb) 1 1 n
—F = — B — — = R
( 46 ) RN "<0+1—0) o1 — 6)
and consequently
[(6)oc ———. 6.3.1)
0}(1 — 0)}
So
1
8(6) o€ ——r,
02(1 — 0)2

p(6lr) o< 67731 — 6",

while use of the uniform prior yields p(6|r) oc 6"(1 — 6)"™".
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Example 6.5
Suppose

—1

fnlr) = (’: 1)0'(1 —O"", n=rr+1,...

or

n
fn—r(n|n - }’) = (
n

—r—1

)01‘(1 _ 0)}1—/”
n—1
:( )0’(1—0)”’, n=r+1,r+2,...
-
Now by calculating

126) < 67'(1 — 6) (6.3.2)

IZ,(6) o 0731 — 6)~", (6.3.3)

we have demonstrated that three different Jeffreys’ priors result in three different
posteriors for 6, thus, in a sense, contravening the likelihood principle.

Now consider the problem of predicting the number of successes T out of a total
M when we have seen r successes and n — r failures. Note M includes the original n
trials and T includes the original r successes starting with the priors (6.3.1), (6.3.2)
and (6.3.3) and that these predictive probabilities for T differ for the three priors
although their likelihoods are the same.

Now suppose we have an urn with a known number M of balls marked s and f of
which an unknown number ¢ are marked s. The object is to infer the unknown
number ¢ after taking a sample from the urn that yields r successes and n — r failures
in any one of the following three ways:

1. Sample n < M. Then we obtain the hypergeometric

rence0= () () ()

r=0,1, ..., min(, n).
2. Sampling until r successes yields

plulr, M. 1) = (’;D(ﬁf—_rn)/(]‘fl)

forn=r, ..., min(M, r+M — 1),
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3. Sampling until n — r failures yields

n—1 M—n M
pnln—r, M, t):<n—r—1)<(M—l)—(”_r)>/(M_t>’

forn=r, r+1,...,min (M, r+ M — t). Note the likelihood L(¢) is the same
for each of the above.

(M —1)!
(t—rIM+r—t—n]’

L(t) =

When little is known about a finite number of discrete possibilities for ¢ it appears
sensible to assume equal probabilities for each possibility or

1
tHIM) = t=0,1,..., M,
PUM) = s

t M—t

M) — r n—r

plr ="y
n+1

SO
t=r,r+1,.... min(M —n+r, n).

Now for large M

o= () (-
o= () 0

=m0 ("L )G (=)

and

1
P[— <z|M, n, r] =
M

[ +2) rﬂﬂ—@“%L (6.3.4)

I'ec+DI'm—r+1) ),

Under appropriate conditions as M grows tM~' — 6 and the left sides of the above
tend to the right sides and the right side of (6.3.4) is the posterior distribution func-
tion of 6 for the uniform prior g(6) = 1.



94 ELEMENTS OF BAYESIANISM

Keeping the problem discrete and finite avoids the criticism that the uniformity of
37> Which approaches, 6 does not imply the uniformity of any monotonic function of
7 — 0 which Fisher leveled at Laplace. It also conforms to the Likelihood Principle.

In much scientific, technical, and medical experimentation in which individual
trials are binary, the parametric Bernoulli model is used as a basis for the analysis
of the data, assuming independent copies with its resulting likelihood function.
Although this is a useful and convenient paradigm for this type of trial, it is not
as appropriate in most instances as one stipulating that only a finite number of
trials can be made, no matter how large the number. The first model assumes that
there is some value 6 that is the probability of success on each individual trial,
and the second entertains the notion that from a finite number of binary events,
either having occurred or having the potential to occur, a certain number of suc-
cesses are observed that are in no way distinguishable from the rest before being
observed. The latter model can actually include the first even when the first has
some legitimate claim to describing the process, such as repeated tossing of the
same coin. We assume the tosses are generated so that there is a sequence of
heads and tails and that some fraction of the sequence is then observed. One of
the advantages of the second approach for a Bayesian is the greater simplicity
(difficult though it is) of thinking about prior distributions of the observable
quantities—say the number of heads out of the total-over trying to focus on a
distribution for a hypothetical parameter.

The finite model that focuses on the fraction of successes in the finite population
is basically a dependent Bernoulli model that leads to the hypergeometric likelihood,
common to the particular cases

(M —1t)!
E—nNM—-t—n+r)

L(t) =

In many situations we are interested in the chance that the next observation is a
success. This can be calculated by letting M = n+1 and is useful in determining the
chance that a therapy already given to n ailing people more or less similar to a
patient, and having cured ¢ of them, will also cure that patient of the ailment. A phys-
ician who wishes to know the chance that a particular fraction of a given number of
patients, say M — n, whom he is treating will be cured can calculate

Pl(t—r)/(M —n) <zIM, n, r].

A pharmaceutical company or a government health organization may assume that
the number of potential future cases is sufficiently large that an asymptotic approxi-
mation is accurate enough to provide adequate information regarding the cured frac-
tion of that finite, though not necessarily specified, number of cases. In cases in
which only some normative evaluation is required, the probability function for suc-
cess on the next observation and for the fraction of successes as M grows would be
informative. The connection between the finite model and the existence of the par-
ameter 6 is given by the representation theorem of de Finetti which entails an infinite
sequence of exchangeable random variables.
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Theorem 6.1 To every infinite sequence of exchangeable random binary variables
{ Wi} corresponds a probability distribution concentrated on [0,1]. For every permu-
tation of the integers 1, ..., M, and for any given integer r € [0, M], let P, represent
probability defined on M-variate sequences of r ones and M — r zeros. Then

1

=0,....W;, =0]=Py = J &1 — M "dF(0),
0

(a) Pr[le = 1, ...,er = l,Wj

(b) P[SL Wi =r]= (Af) Jo (1 — OM"dF(6),
(c) limy e M“EQLW;( =0,

(with probability one) with 0 having distribution function F(6).
Heath and Sudderth (1976) devised the following simple proof.

Lemma 6.1 Suppose Wy,...,W,, is a sequence of exchangeable binary random
variables and let

qt:Pr<ZWj:f).
=1
ThenforO<r<M<m

M@0, (m — Dy

Py =
M (m)y

Is
r—1

where (x), = l_[ x—=.
j=0

Proof: Tt follows from exchangeability that, given Z]m:] W; =1, all m! possible
permutations of the m distinct zeros and ones are equally likely so that the
probability that there are exactly r ones followed by exactly M — r zeros followed
by any permutation of ¢t — r ones and m — M — (t — r) zeros is

(0),(m — Dy, (m — ML (1),(m — Dy,
m! B (m)y '

The result follows from recognizing that the event {first » components are one and

the next M — r are zero} = ;’i—:n M {first r components are one, the next M — r are
zero, ¢ — r out of the next m — M are one} which justifies P,,. O
Now apply the lemma to Wy, ... ,W,, so that
1
[ 1—6
P J (Om), (L= Omyy 1o
0 (m)y

where F,, is the distribution function concentrated on { - : 0 <t < m} whose jump
at L is g,. Then apply Helly’s theorem cf. Feller (1966) to get a subsequence that
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converges in distribution to a limit F. Since m tends to infinity the integrand above
tends uniformly to the integrand in (a) so (a) holds for this F.

The theorem can be extended to show that every infinite sequence of exchange-
able variables is a mixture of independent, identically distributed random variables,
cf. Loeve (1960).

The importance of the representation theorem is that it induces a parameter which
has been lurking in the background of the finite case as the limit of a function of
observables. Thus it enables consideration of a parametric model in cases well
beyond the simple error model

X=0+e,

where 6 was some physical entity or constant.

6.4 COHERENCE

Example 6.6

A situation termed Dutch Book, or a “Day at the Races,” can be described as follows:
Bettor A, who has S dollars to bet on a 3-horse race is offered the following odds by
Bookmaker B:

Horse 1 Horse 2 Horse 3
2/1 3/1 4/1
Some Potential Outcomes
Winning ‘
Horse 1 2 3
A Bets S 0 0 ‘
B’s Gain -2 S S
A Bets 0 S 0 ‘
B’s Gain S -3 S
A Bets 0 0 S ‘
B’s Gain S S —4S
A Bets S/3 S/3 S/3 ‘
B’s Gain 0 -S/3 —28/3 B cannot win
A Bets 4/98 3/9S 2/98 ‘
B’s Gain -S/3 -S/3 -S/9 B is a sure loser
20 15 12
A Bets - bl =
47 S 47 S 47 S
R . —13 —13 —13
B’s Gain FS WS FS B loses the same
amount no
matter which
horse wins.
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According to B, the implicit probability of horses 1, 2 and 3 winning are 1/3, 1/4,

1-p

and 1/5 respectively. In general with n horses suppose B offers odds —- on Horse j

P;
to win so if A’s total wager is Z]'.'Zl S;P; then B’s gain if Horse f wins is

n n
G =) S;Pi—SP,—(1—=P)S,=Y S;P;—5,.
j=1 j=1

Now if )" P; < 1 and letting S; = S/n, then

S
ZS,-P,-:ZZP,,

and

i)

represents a loss to B no matter which horse wins. Thus under these circumstances, it
would seem that the bookmaker should give odds that cohere with the laws of
probability.

Suppose we have a discrete probability function

P(D|6)=p; >0 i=1,...,nand j=1,...,N.

A Master of Ceremonies chooses a 6, does the chance experiment, and announces
the realized D; and p;;. Denote every distinct subset of values of 6. . .,0y by I, where
k=1,2,...,2". Now the problem of statistician B is to make probability assign-
ments P;; for all 2V subsets knowing the value p; and the sampled value D; that
was realized. When 6, is true, the subset is considered correct if it includes 6; and
incorrect if it doesn’t. An antagonist A may bet for or against any combination of
the 2" subsets also knowing p;; and the realized D;. Thus B assigns P; and A assigns
a stake S;; for the subset /;. A then gives amount P;.S; to B and receives in turn Sy if
I is correct and O if it is incorrect. A is risking P;S; to win (1 — Py)S; (i.e. by being
offered odds of 1 — P, to Py on I if $;>0 and P, to 1 — Py, if S;z < 0). When
0 = 6, B’s gain on this bet when D; is realized is

Gijr = (Pik — 8;)Sik,

where

Sjk =1 if 0]' S Ik SO Gijk = (P,'k - I)S,'k
8.I7< =0 if 0‘/' $ Ik SO G,:,'k = P,‘kS,'k.
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Now
Gi=Y Gy=) (Pi—8p)Si
k
and the expected gain when 6 = 6; is
Gj = Zl’y Xk: (P — 8j)Sik-

Now for any {Si}, if G,. <0 for all j and G.;. < 0 for at least one value of j we
say B’s probability assignment is incoherent since on the average he will lose money
for at least one 6; or more and at best holding his own for the others. Otherwise we
say that his probability assignments are coherent. Note if a set of finite positive g;’s
exist such that

N
> 4,Gj =0,
=1

then the probability assignment is coherent since either G, = O foralljorif G;. <0
for some values of j there must be at least one value of j such that G,;. > 0.

Theorem 6.2 A Bayesian assignment of probabilities by B is both necessary and
sufficient for coherence. (Given a Bayesian assignment we have coherence and
given coherence the assignment must be Bayesian.) The result is basically due to
de Finetti (1937).

The following proof is due to Cornfield (1969):

Proof. Sufficiency A Bayesian assignment for the prior probability for 6; can be
proportional to values g; > 0. In other words the posterior probability is

qiPij

P(0 = 0;|D = D;) =
Z] 1‘iju

which implies that

P(0 € IiD;) = Zq,p,, i / > awi (6.4.1)

Then define Py = P(0 € Ii|D;). In this setup the likelihood is given by p;; and the

prior probabilities given by
N
=4dj Z qr-
t=1
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The above definition of Pj, (6.4.1) implies that
> Py (P — 8j) = 0.
J
Therefore, for all {S;}
DD Su ) pyaj(Pa—8;) =0
ik j
or, by interchanging summation signs,

0=>"q;> 1y > (Pu—8;)Sk =Y 4;Gy
J i k 7

Therefore, the probability assignment is coherent and the sufficiency is established.
O

Necessity: To establish necessity, we need to show that P;; must satisfy the axioms
of probability:

1. 0<P; <1 foralliandj.
2. If Iy = I, U Iy, and I}, N Iy, = @ then Py = Py, + Py, for all i, k; and k,
3. Z/‘Pif' =1 for all i

To establish (1) let A select S;;. Then B’s gain is P;S; — §; if 0; is true and P;S;;
when 6, is not true. If P; <0, A sets §;>0 and B loses no matter whether 6; is
true or not. Similarly if P; > 1, A sets §;<<0 and again B loses. Hence given coher-
ence (1) holds.

To establish (3), let A choose S; for each 60;, j =1, ..., N thus risking S; Zj Pj;.

Since one of the 6;’s must obtain, A is paid §;, so B’s gain is Si(Z/‘ P — 1), which
can be made negative by the sign of S; opposite the sign of Zj P;; — 1, unless it is zero.

To prove (2), let A select Sy;,, Sj;,, and Si. Then B’s gain for D; when 6, obtains,
0;, obtains and when neither obtains are

Gy, = (P, — DSy, + Py, Sij, + (P — DSi,
Gijz = PlleU’l + (P,'j2 — l)S,'j2 + Py — DSi, (6.4.2)
Gij, = Pij,Sij, + Pij,Sij, + PiSit-

Thus A must find solutions to the above equations equal to specified negative values.
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To prevent this B must choose P;; such that

P —1 Py, Py —1
Py, Pj—1 Py—1|=0 (6.4.3)
Py, Py, Piy

OI'P,‘k :Pijl +Pij2~

Next we show that P;; oc p;;. It is sufficient to consider any two D; and D, say and
sets I, and I{. Now B has probability assignment P to 6; and Zil Pij ;1 to 1.

A selects the following:

I, If
Dl S11 =kS 512:0
D, So1 =~k Sp =0
D3,...,DN Sil :0 S,Q:O.

Now B’s expected gain is

G1 =p1j]kS<ZP1j6j1 ) P2j, (ZPZJ i1 — ) for all 6]1 S 11.
J
The expected gain is

G2 =P1j2kSZP1j5jl _ijZkZPZijI for all sz S Ilc
J J

Now when

py T2 PO o b 2P0 (6.4.4)
py, (1 =37 Piidj1) Pij; Z;Pu5ﬂ
for all 6; € I1,6;, €I, and k > 0 or

P A =2 Pyd) o pay 2P0
py o (1=22Pi8j1) P, Zij15j1

for all 6; € 1,6, € IC and k < 0, G| and G, will be negative.
By selectlon of k, A can induce losses whether or not 6; € I; or I§ unless B

chooses P;; so that for every partition of (6, ..., Oy) into two sets,

2 Poydp X Padn _ py . py
> Pyd, 2Py by by




6.5 MODEL SELECTION 101

for 6, € I, 6;, € I¢ = L. This requires that

Py, . Po _ Py P2y (6.4.5)

Py, Py py P

for all 6, and 6,,, since if the above is not satisfied A can select a set /; for which the
inequalities of (6.4.4) hold. Equation (6.4.5) implies that

Pjocpiq; for i=1,2and all j

because of (3). This applies for every pair of sample values so that the above obtain
for all i. Now the g; must all be of the same sign otherwise (1) will not hold. It is also
necessary that g; # O since if the j th is, A sets S;; = 0 for all 6; except 6, = 6, and
wins S;;, when 0 obtains by risking P S;;, that is, zero, making B’s assignment
incoherent. Necessity now has been established.

What the result implies is that if B’s betting odds are not consistent with prior
probabilities then A by appropriate choice of stakes can render B a sure loser. So
only the Bayes approach can claim a universal consistency or coherence in the
jargon of betting. Whether betting is always an appropriate metaphor for scientific
inference is still a debateable issue.

For a more general result see Freedman and Purves (1969).

6.5 MODEL SELECTION

A more general Bayesian approach that includes Hypothesis Testing goes under the
rubric of Model Selection. Suppose there are K possible models Mj, ..., My that
could explain the generation of a data set X ™ = x ™, Let

PM) =g k=1,....K Y g=1
k

and associated with M; we have probability function
FE®, 0M) = FG™16c, Mop(0 M),

where p(6¢|My) specifies a prior probability function for 6, under model M,. Now
faV M) = Jf(x(’v), O M) B

Further,

™y
Py = WO

Y imMy)

J
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Selection of the model could depend on a loss function. If the loss function assigns
the same loss to each of the entertained models then one would choose that model
M, associated with

/ /
9 = mkaX i

that is, the model with the largest posterior probability.

Almost all of Bayesian Hypothesis Testing problems can be subsumed under the
Model Selection paradigm. Note that Examples 6.1-6.4 all can be considered as
Model Selection problems.

Example 6.7
Suppose we have a set of data with two labels such that the realized values of
XM — ) — (.X(Nl),.x(NZ)),Nl +N, =N
XN = X = (xp, ox)e XN = = (g )
Assume the model specifications are
M,:X; i=1,..., N\ + N, are i.id. with density

F(x]0) = ™™
p(OIMy) oc '™,

with prior probability ¢, and

M,: X;, i=1,..., Ny arei.i.d. with density
f(x]6) = O "
p(01181, ) o< O e M

independent of

X;, i=N;+1,...,N;+ N, that are i.i.d. with density
f(x]6) = 6™
P(Osly,, ) o< 6 ey

with prior probability ¢, = 1 — ¢;.

Assuming that 8, vy, 8, ¥, 8, ¥» and g; are known and losses for selection are
equal, then choice of the best model depends on the larger of

g1 FGIM) = TV + 8y [TBINE + 41 o g
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or
@ FON M) = gof NV IML)F (XN | My) o< g,
where
&Y Mz) = T + 8y [T@ING + 1%+,
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CHAPTER SEVEN

Theories of Estimation

This chapter presents a thorough investigation of frequentist and likelihood based
point estimation. The concepts of unbiasedness, consistency and Fisher consistency
are introduced and illustrated. Error bounds on estimation are presented including
the classic Cramér-Rao lower bound and its generalizations. Fisher information is
interpreted from several points of view, and its relation to efficiency in estimation
is laid out. The Blackwell-Rao theorem is established. Then considerable attention
is paid to large sample theory for maximum likelihood estimation; asymptotic con-
sistency and normality are established. The chapter concludes with definitions and
some discussion of sufficiency principles.

7.1 ELEMENTS OF POINT ESTIMATION

Essentially there are three stages of sophistication with regard to estimation of a
parameter:

1. At the lowest level—a simple point estimate;

2. At a higher level—a point estimate along with some indication of the error of
that estimate;

3. At the highest level—one conceives of estimating in terms of a “distribution”
or probability of some sort of the potential values that can occur.

This entails the specification of some set of values presumably more restrictive than
the entire set of values that the parameter can take on or relative plausibilities of
those values or an interval or region.

Consider the 1.Q. of University of Minnesota freshmen by taking a random
sample of them. We could be satisfied with the sample average as reflective of
that population. More insight, however, may be gained by considering the variability

Modes of Parametric Statistical Inference, by Seymour Geisser
Copyright © 2006 John Wiley & Sons, Inc.
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of scores by estimating a variance. Finally one might decide that a highly likely
interval for the entire average of freshmen would be more informative.

Sometimes a point estimate is about all you can do. Representing distances on a
map, for example. At present there is really no way of reliably illustrating a standard
error on a map—so a point estimate will suffice.

An “estimate” is a more or less reasonable guess at the true value of a magnitude
or parameter or even a potential observation, and we are not necessarily interested in
the consequences of estimation. We may only be concerned in what we should
believe a true value to be rather than what action or what the consequences are of
this belief. At this point we separate estimation theory from decision theory,
though in many instances this is not the case.

Example 7.1

Suppose I am building a fence and I estimate I need about 200 linear feet of lumber. I
may only order 180 feet so as not to incur wastage (in money) or I may order 220 feet
so as not to have to make two orders. While 220 feet and 180 feet may end up being
my decisions they are not my estimates, though they may modify the estimate to
conform with a loss criterion.

In other words decision making should not be confused with estimating or
guessing.

7.2 POINT ESTIMATION

1. An estimate might be considered “good” if it is in fact close to the true value
on average or in the long run (pre-trial).

2. An estimate might be considered “good” if the data give good reason to
believe the estimate will be close to the true value (post trial).

A system of estimation will be called an estimator

1. Choose estimators which on average or very often yield estimates which are
close to the true value.

2. Choose an estimator for which the data give good reason to believe it will be
close to the true value that is, a well-supported estimate (one that is suitable
after the trials are made.)

With regard to the first type of estimators we do not reject one (theoretically) if it
gives a poor result (differs greatly from the true value) in a particular case (though
you would be foolish not to). We would only reject an estimation procedure if it
gives bad results on average or in the long run. The merit of an estimator is
judged, in general, by the distribution of estimates it gives rise to—the properties
of its sampling distribution. One property sometimes stressed is unbiasedness. If
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T(D) is the estimator of 0 then unbiasedness requires
E[T(D)] = 6.

For example an unbiased estimator of a population variance o” is

=" (—x =5

since E(s?) = o°.

Suppose Y1,Ys,... are i.i.d. Bernoulli random variables P(Y; = 1) = 6 and we
sample until the first “one” comes up so that probability that the first one appears
after X = x zeroes is

PX=xl®)=61-6" x=0,1,... 0<6<I1.

Seeking an unbiased estimator we have

o0

0= E(T(Y)) = ) 1x)6(1 — 6)" = 1(0)0 + 1(1)6(1 — 6) + - --.
x=0

Equating the terms yields the unique solution #(0) = 1, #(x) = 0 for x > 1. This is
flawed because this unique estimator always lies outside of the range of 6. So
unbiasedness alone can be a very poor guide. Prior to unbiasedness we should
have consistency (which is an asymptotic type of unbiasedness, but considerably
more). Another desideratum that many prefer is invariance of the estimation
procedure. But if E(X) = 6, then for g(X) a smooth function of X, E(g(X)) # g(0)
unless g( - ) is linear in X. Definitions of classical and Fisher consistency follow:

Consistency: An estimator 7,, computed from a sample of size n is said to be a
consistent estimator of 6 if for any arbitrary € > 0 and & > 0 there is some value,
N, such that

PT,— 6 <el>1—8 foralln >N,

so that 7,, converges in probability to 0. This is a limiting property and doesn’t say
how to produce an estimator. Note this permits, for fixed a and b, that
(n —a)/(n — b)T, to be consistent if 7, is consistent. Similarly T, + k, will then
also be consistent for any k, — 0. Let 7" stand for any arbitrary function of the
first n; observations and T,’,Lnl be such that for all n > n;, T” — 0 as n increases.
Then if n > n; let T, = %[an’ +n—n)T,_, landif n <ny, T, =T, so that T,
is defined for all values of n and is consistent and foolish for n < n;. Clearly it is
perfectly arbitrary and potentially perfectly useless as Fisher (1956) pointed out.
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Fisher’s Definition of Consistency for i.i.d. Random Variables

“A function of the observed frequencies which takes on the exact parametric value
when for those frequencies their expectations are substituted.”

For a discrete random variable with P(X; = x;|0) = p;(0) let T,, be a function of
the observed frequencies n; whose expectations are E(n;) = np;(6). Then the linear
function of the frequencies T, = iZ] c¢jn; will assume the value

7(0) = 2c;p;(0),

when np;(0) is substituted for »n; and thus n~'T, is a consistent estimator of 7(6).
Another way of looking at this is:

1
Let F,(x) = — x # of observations < x
n

i
= — for Xi—1) < X = X3,
n

where x; is the jth smallest observation. If 7, = g(F,(x)) and g(F(x|0)) = 7(6) then
T, is Fisher consistent for 7(6). Note if

Tn = JXan(x) = )_Cna
and if
o(F) = deF(x) _—

then X, is Fisher consistent for w.

On the other hand, if 7,, = X, + % then this is not Fisher consistent but is consist-
ent in the ordinary sense. Fisher Consistency is only defined for i.i.d. Xi,. .., X,.

However, as noted by Barnard (1974), “Fisher consistency can only with diffi-
culty be invoked to justify specific procedures with finite samples” and also “fails
because not all reasonable estimates are functions of relative frequencies.” He
also presents an estimating procedure that does meet his requirements that the esti-
mate lies within the parameter space and is invariant based on pivotal functions.

Example 7.2
For Xi,..., X, i.i.d. N(u, ), let

RV D)

N
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whose distribution does not depend on the parameters w and o. Barnard points out
that setting ¢ equal to its mean (or median), for example,

VG =)

N

results in the estimate & = x. If 7= g(w) is a smooth function of w such that

VG —g (M) _

N

0»

then
g =1
A well-supported estimator could be defined thus: If for all @ > 0 and given data D,
Support [|T, — 6] < a|D] > Support [|T; — 6] < a|D],

then 7, is better supported than T''. Support can be the likelihood or some other
measure of plausibility given D—a post data evaluation. We can also define an inter-
val for 0 such that L(6) < KL(6), where K > 1 for all 0

P KOS 1
e K

In comparing estimators in frequentist terms, one criterion for 7}, to be superior to
Ty could be

P{|T, — 0| < a|6} = P{|T, — 6| < al6},

for alla > 0, and all n. Then we would say that 7}, is closer to 6 than T;. If this is true
for all competitors 7, then we could say that T, is the uniformly best estimator.
Unfortunately such estimators seem impossible to find for every n, and all values
of 6. If we restrict ourselves to the class of all estimators that are asymptotically
normal and unbiased then for a large enough n, what is required is that 7, have
the smallest variance since if

T~N@,d?) and T*~N@O,7) and o <7,
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then it is easy to show that for all a > 0

iz 0(2)-0(-9)
P(T* — 6] < a) = @(g) _ @(—?r).

Since £ > ¢ implies that (D(%‘) > <b(%) and —* < = implies that @(’7“) < <I>(’—f), it

follows that
o(;) —o(=5) = @) (=)

So at least for estimators that are unbiased and asymptotically normal the var-
iance completely determines the optimal estimator. This leads to consideration,
for finite n, of the unbiased estimator of minimum variance even though it may
not fulfill the close in probability frequency specification.

7.3 ESTIMATION ERROR BOUNDS

We now present a key theorem for the error of estimation.

Theorem 7.1 Let X = (X),....,X,) and fx(x|6) be the generalized density with
respect to o-finite measure u. Let T(X) be any unbiased estimator of 7(6), then
for 6 and ¢

2
var(7'|0) > sup [7(0) — 0]

. W where Eg'(T) = 7'(9,)
Var<f<x| 0) '0>

Proof: We have

F&x18) —f&xI0)\] _ fo _ B
E9|:T<f(x|0)>i| = J(Tfofe - Tf@)d,bL = 7(0) — 7(6).

Using Cow(Z,W) = E(ZW) — E(Z)E(W),

£x16) - £x16) o
COV{T’(f(xIO) - 1)} _E{(T_ T)<f(x|6) - 1)'9} = (6) = (6,
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since

5 (f(xW)

= Ndu—1=1—-1=0.
7(x10) ) Jf(x')“

Now recall the Cauchy-Schwarz inequality,
EX(h(y)s(») < (EW*)(Eg®)
with equality iff h =cg. Let h =T — 7(6), g = fy/fo — 1. Then

Jo

0<EXT— T)<f— - 1) = (7(60) — 7(0))*< var(T|0) x var (f( x6) |0>
[’

f(x6)

so that

[7(6) — HO)]
var(T|0) > Sl; —V <f(x|0’) |9)
f(x10)

Critical regularity conditions have not been assumed yet, but now let d7(6)/d0

exist and assume
Var(—|(9)/(0’ 6)> —> 1(0)

O

exists. Then

0) — (0
Var(T|0)Z(;igle|:<T(0,)_;()> « fvar(210) /0 - o>2}]=[a<o>]2/J<9).

Further, let w exist, and for |6 — 0] < € (a fixed 6 independent of X) let

Jo —fo

hold such that E¢(G?) exists which also implies E»(G) exists. Now

i )
Var< 2
fol ) .. Jo —Jo Jo
10 = lm = _éli“oj( fo ><6/—0>2d“'
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Using the Lebesgue dominated convergence theorem,

| Jo —fo| fo _ o
J(e)_Je}lino[ ]f(,d J(ae) pafodn

_ J(Blogf(,) o <810gf9) — 16)
200 ’

the Fisher Information quantity. Hence the right-hand side of

var(T) > (7 (6))*/1(6)

is referred to as the Cramér-Rao lower bound, which in this “regular” case is the
minimum variance bound for all 7 unbiased for 7(6). Note that condition (i) implies
that

a0 a0 a0

a0

ozijfd Jaf Jalogf

fdp = E(alogf )

Suppose a second derivative can be passed through the integral sign. Then
dlogf J 0% logf dlogf\ of
dyp = —|d
aeJ a9 JIH [f o2 a0 )ae|™

& logf dlogf & logf
_J 7 fdu +J( )fd 7 +1(0),

or

_ 0% logf
1(0) = —E( oF )

Now in the regular case,

7(6) = JTfedM = E(D),

0= [0 [, (Talogf(a).

a0 a0

By the Cauchy-Schwarz inequality,

9 logf@>2

(7O < var(T)E( T
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with equality iff

dlogfy
a0

= AT — 7(0)),

and the lower bound is achieved. Note also in this case

E dlog fo
a6

2
) = A%(O)var(T),

and from the previous work,

E(a logfe)z_ [ ©OF

90 ) van(T)’
Then
A*var(T) = (7'(6))* /var(T),
or
var(T) = ;((g))
and if 7(0) = 6 then
var(T) = ﬁ .
If
POl AT~ ),

the minimum bound will not be attained but there still may be an attainable mini-
mum variance though larger than the regular minimum bound. If the “regularity”
conditions do not hold the smallest attainable variance may be less than the “regular
minimum bound,”

[T(OF /1(6).

Finally, note that 7/(6) and A(6) must have the same sign, so there is no need for
absolute value in the above variance formula.
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Example 7.3

For a non-regular case consider X1, ..., X, i.i.d. with

e forx> 0
Jo =116 = {o for x < 6.
Since dfp/ 96 does not exist, f fodx = 1 cannot be differentiated. The estimate, 6* =
min (x;) — %, is unbiased and has variance less than the Cramér lower bound
for n > 1.
If 7(6) = 6 then under regularity conditions

1
var(T) > @ .

This is a special case of the Cramér-Rao lower bound. When the minimum bound is
not attained one can still find lower bounds, Bhattacharyya (1940).
Let

> 1 3fy ,
Dy=T —10) — i———=T—10)—dL[,
6) ;a"fe 20 0) —a
’_ /_l % 82f0 aAfG _
a—(alv-~~,as), »C—fo(ae,aezs,aeg —(*Cl’-u,ﬁs)

Assuming regularity conditions

0

ﬁﬁfﬁdﬂ

:afffadM:Ja'fed

J 1 3/fy
96/ 96/

E(Dy) = E(T — 7(6)) — d'E(L) =0,
var(Dy) = E(D?) = E(T — 7(6) — d'L)*

= E(T — 7(0))> = 2d EL(T — 7(0)) + d(ELL )a
= var(T) — 2d[ELT — EL™6)] + d'Ba, B = E(LL)
= var(T) — 2d' ELT + da'Ba.

Now

1 9'f, J ¥ty Bl J EY
(TL)) (f9801> o = o Todu a0,7() Y;
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Hence
var(D,) = var(T) — 2a’y + d'Ba,

where

7/ - (YI’ v ’Ys)’
var(Dy) = var(T) + (a — B"'y)B(a— B~ 'y) — yB 'y > 0,
min var(Dy) = var(T) — yB 'y >0
a
that is, when a = B~y
var(T) > v'B~'y.

Now var(D,) =0iff Dy;=0=T— 760 —aL or T— 10 =daL=7yB'L.
Only in this case is the bound attained that is,

var(T) = y'B~'y.

One can show that

’ 0 2
var(T) > y'B™'y > (TIE 9;) :

More generally, for

Iy 2y roos—r
Y/I(V(’ 4 ) and B™'=|B" B

r s—r s—r
BZI BZZ

var(T) > y'B™'y = YVBi'yY + (¥ — BuBy!")YB*(¥* — BBy ¥").
If var(T) = %”’B;lly(“ then there is no point going beyond r = s. In particular,
ifr=1,

_ By ' By
var(T) = V%bul + (7(2) —b—ll')’l) B?( 4 —b—“% )

and y%bl_ll = (7(0))*/1(6). Note also the covariance matrix of (T, £') is

Con(T, L) = (Var;T) é)
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YBly
var(y

We now ask whether an unbiased estimator of minimum variance (if it exists) is
unique irrespective of whether a minimum variance bound is attained. Let 7' and T*

both be unbiased and of minimum variance.

Therefore, the multiple correlation between T and L is R%) =

E(T) = E(T*) = 7(0) var(T) = var(T*) = o”.

Let
=TT, BT =),
var(T') = %(var(T) 4+ 2Cov(T, T*) + var(T™)).
Now

Cov(T, T*) = E(T — 7(T* — 1) < /var(T) var(T*) = o*,

by the Cauchy-Schwarz inequality such that
1
var(T) < Z(02 +20% + ) = &°.

Now the inequality sign contradicts the assumption that o is the minimum
variance. However equality of Cov(T, T*) = /var(T) var(T*) = ¢° implies that
(T—7D =u(0)(T*—7 and Cov(T, T*) = E(T — N(T* — 7) = u(Q)E(T* — 7)*> =
u(6)o? but Cov(T, T*) = ¢® such that u(f) =1 and T = T* thus the minimum
variance unbiased estimator is unique if it exists.

74 EFFICIENCY AND FISHER INFORMATION

Suppose for a given sample size n, T, has minimum variance among all unbiased
estimators of 6. Then the efficiency of any unbiased statistic 7,, can be defined as

var(7},) <1

0 S e(Tl’l) = Var(T ) — >

and lim,,_, » e(T}) is termed the asymptotic efficiency.
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In the regular case where the lower bound is var(7,) > 1%—0) and X;, X, ..., are
i.i.d. from fx(x|6), where

dlog [T, fil O\ (93 logf(xil0)\
1,(0) = g 28 s AW p (92 O8I
© ( 20 30
2 2
dlogf(x;6) dlog f(x;] )
— g S L0819 _ N p (08D ),
(et ()
where 1(6) :E(%)2 that is, of a single observation because Xi,..., X,

are i.i.d.
Hence another definition for the i.i.d. regular case is

1

) = TGy varTy)

If

dlog [Tiz, f(xil6) _ Z dlogf(xi|6)

58 ag = AOT -,

i=1

then T, is fully efficient. Another way of looking at efficiency is

, 1
=T

dlogf(t,10)\°
a0 ’

<1 where I7,(6) =E<

We show that I7,(6) < 1,(6).
For any measurable set C C S, the sample space of (X,..., X)) = X, let

d dlog £ (x|6)

d
SPxE )= d—ejcf<x|e>du - L HOeT 0 oy,

and let 7, be a statistic with probability function g7, (¢,]6), satisfying

d

d
Lpr, e = gl0)dv =
“LHIT, € C) dGL,g( 1)y Lr

dlog g(1:16)

a0 Sl O)dv

for all C’' C §, the space of T,,(X). Let E(W)zz It (6), then 1,(6) > Ir (6).

Proof: We have

0< E[Blogf(xle) _ 0logg(t.]6)

2
_ dlogf dlogg
20 20 } =1,(0) + Ir,(0) 2E[ .

a0 a0
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and for C' C §, there is a corresponding C C S so that
P(T, € C'|6) = P(X € C|0)

and

fdy.

dlogg J dlogf
dv =
[C a0 5 90

Since this holds for every C it satisfies the definition of conditional expectation
(see the Radon-Nykodym Theorem), that is,

dlogg _ E|:810gf|T _ {|

a0 a0
and
dlogf dlogg] .. [dlogg]’
ETnExm[ 50 o0 | =En| e | = (9 and
0 < 1,(0) + I1,(6) — 2I7,(8) = L,(0) — I,() and 1,(0) > Ir,(6),
as required. 0

7.5 INTERPRETATIONS OF FISHER INFORMATION

We consider the likelihood L(6|D) or simply L(6). Recall that L(6) was useful for
discriminating between alternative values of 0 say 6, and 6, and if L(6;) = L(6,)
we cannot discriminate between the support of 6, and 6, for the given data.
More generally if L(6) = Constant for all 6 there is obviously no information in
the sample with regard to 6. So information in the sample with regard to 6 should
be associated with changes in L(6) for varying 6. Now 8—L9 is the rate of change of
L with respect to 6. Further, the greater L the less important is the same rate %
So it seems reasonable to consider the relative rate of change that is,

1 oL 9dlogL
L 30~ 36

= S(0),

often called the Score function. Now when the regularity conditions (interchange of

partial derivatives and integrals) hold,

dlogL
00

E(S) = E(

) = 0 mean rate of relative change.
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It is reasonable to assume that the more variation in S, the more information in the
sample relative to 6. Therefore since a measure of variation is the variance we may
define

dlogL 2
a0 ’

var(S) = FE (

as the average amount of information in the data relative to 6.
Another interpretation is curvature or how steep is the descent about the
maximum. The curvature of log L(6) is defined as

9 log L(0)
A
c=1im 52 0.
A6—0 As 14 dlog 1(0)
20

For 6=0 since L(é) maximizes L(0) then logL(é) maximizes logL(6) so
310gL(0) | g O and
30 lo=0

9% log L(0)
€= =i
96?

log(L(6))

A¢

H+A6 F)

Figure 7.1
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is the curvature at the maximum. Since this is negative it measures how steep the
desgent is around the Maximum Likelihood Estimate. Geometrically, tAhe curvature
at 6 is defined to be the rate of change of the angle of the tangent at 6 + A6 as A6
tends to zero (see Figure 7.1). As already noted under certain regularity conditions
£[310gL(0) 2 - ¥ log L(6)
[ 36 ] B [ 36 }

Further interpretations:
Suppose we let

Db, 6) = Eg(p(%) >0

be a discrepancy measure of f from fy, where ¢( - ) is a convex function and ¢(1) =
0 that is, D(¢,6) = O for 6 = . Assume we can differentiate under the integral sign
with respect to ¢, then

aD 0 'f/
59 =000 = [ et = J(ﬂy@ —fy ‘”fﬂf")du

1y
_ ”:f(;qo— GDfogiIdM’

fo

where d¢/dz = ¢, 0¢/38 = &fofy/(—f3).

Further,
@, 0 Mo Sy PSS
PY *—D(H,e)—Jfgqo e
IS, P logfy
_ | _¥Jee) du.
[ I tefogga |4k

3 log fy _& _ (fé/)z
w0 T fy S

Now

V2 £1)2 1 11
D¢, 60 = J|:f(;’¢+¢’f0(fg) _ ‘Pf9f9:|dM‘

1 Jo
Let

*D(#, 6)

Sgr li-0=D"6. 0.



7.5 INTERPRETATIONS OF FISHER INFORMATION 121

Then

7 1 810gf0 g / 7
D6, 9)=0+¢<1)er( = )dM—GD(I)Jfng.

Now D(6,6) > 0 and D(6,0) = 0 then D(¢,0) has a minimum when ¢ = 6 and
¢(1) = 0. Hence

a1 2
D'(6, ) = ¢f'<1>J< g‘;’f 9) fodp = ¢ (I(6).

Since ¢ is convex, ¢”’(1) > 0 (Burbea and Rao, 1982). In particular, if we let
¢ = —log }% then since the Kullback-Leibler divergence is

K(,0)=E <log]f") Jfglogj?du,

we note that
K"(0, 0) = ¢"(1)I(0) = I(0) since ¢ = —

so that ¢’(1) = 1.
As another special case, consider the distance

1\ 2
D 0)= (13 ~13) s = Jm( (}fj)) .

SO

-

¢'() =

-]

D' (6, 0) = ~1(6).

R = N = —
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Since
1 12 1
| (75 ~£3) dw =2 =2 it a
then

0<D(,0) <2,

with lower bound achieved iff fy = fy, and the upper bound when fyfy = 0, Pitman
(1979). So 1(6) or %1 (0) is basically the curvature at the minimum discrepancy and
expresses how steep is the ascent for changes about 6.

7.6 THE INFORMATION MATRIX

Let X have probability function fx(x|0) where 6 = (04, ...,0,) and

dlogf
a0,
dlogf :
36 - . 9
b
20,

then

_ alogf [dlogf\’
o= (550 (%) ]

Suppose X ~ N(u, 0'2) and 0 = u, 6, = o2, then
1
Ipwo)=|o |
O 2

Now Jeffreys’ criterion for the prior with minimal information is to use it as joint
prior for w and o2,

i 1
o

However, this did not appeal to Jeffreys and he prefered to use g(u, 0°) o % that
is, w is uniform and log o2 is uniform—so there are problems with the square root of
the determinant of the information matrix, although this keeps the prior invariant, as
we now show.



7.6 THE INFORMATION MATRIX

Suppose
1 = 71(01,..., 0,) = 71(0),
T, = T,(01,...,0,) = 7,(0),
where 7= (7, ..., 7,). Further,

dlogf dlogf Bﬂ dlogf %
87']' o 301 87']' 862 3Tj

We can express this in matrix form as

00,
87'1

20
oT

96,
oT,

and

dlogf
ar

so that

0 = 0i(Ty,... ’Tp) = 0i(7)

Op = 0[)(71’ N ,’Tp) = 0])(7),

dlogf %
00, 0T,
0,
871
0,
0T,
dlogf
87’1
dlogf
0T,

dlogf 36 dlogf

ar  or 90

orT orT

_ o (dlogf\ (dlogf\' (36 dlogf\ (36 dlogf)’
Hence I(T)_E< )( >_E<87 9 ><87 89)

- ) ()]

90 36\’
- (B—T)I(a) (a?) )

123



124 THEORIES OF ESTIMATION

We now note that

o7 o7, 200, a0,
80] ' ’ ’ ’ 801 871 ’ ’ ' ’ 37‘]
oT _ . . 20 _
0 | - A T
ot o7, 00, a0,
a0, T 00, 0T, o o7,
and
oT 00
— . —=A={a;},
30 97 tag)
where

gy = SO 00,00, [0 i i # )
Y06, om 06,

1 ifi=j°

so that A = I and

or_ (96)7
90 \or)

Therefore,

36\ 30\ !
() 70() 7o
or or\’

Taking the determinant of both sides yields

or

2

T
30| LI = Z(O)],

IZ(DIF = |Z(O)L.

o
90
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Hence, whether you start with 7or 6, as long as you use the square root of the infor-
mation matrix, your posterior probability for 7 will be the same if you start with 6
and transform to 7 or whether you started with 7.

Suppose T is an unbiased estimator of 0 that is, E(T) = 6 where expectation is
taken componentwise. Let

T
Z= 810gf s T:(TI""’TP)’ f(-xla~"s-xn|0) =f’
00
then
dlogf
E =0,
(55) =
and
T—0\ /T—-6\ s g
Cov(Z) = E| dlogf || alogf =<IT Z(O))ZA’
20 20

is non-negative definite (nnd) since

- 'alog _ .310gf _ 1 i
E[(Tl KT ]_E[Tl 30, }_Jt’f Mjﬂm

J

3 9 36, (0 if i#j
Z‘[tiifdﬂzijtifdﬂziz . l;é]
80j 801 801 1 lfl:]

Since A is nnd so is AAA’ for any real matrix A. Let

I —-I70)
A=
(0 ()
or if Z7'(6) does not exist use Z~(6), the pseudo-inverse. Then

Sr—Z716) 0
0 ' |’

~

AANA" =

since every principle minor of a nnd matrix is nnd then 37 — Z~'(6) is nnd for all 7.
Since all of the diagonal elements of a nnd matrix are non-negative we have that
var(T;) = il where i/ is the jth diagonal element of Z~!(6), yielding a lower
bound for the variance of the unbiased estimator of 6;,j =1,..., p.
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7.7 SUFFICIENCY

Definition of a Sufficient Statistic: T = T(D) is sufficient for the family of probability
functions f(D]6) if the distribution of D|T is independent of 6 that is, f(D|T = t,6)
is independent of 6 for all 7.

Theorem 7.2 (without proof): T(D) is sufficient for 6 iff f(D|6) = g(¢|@)h(D).
This shows that the information in a sufficient statistic is the same as in the sample D
since

dlogf(D|6)  dlogg(t|6)
a0 B a6 ’

so that Ip(6) = I7(6), assuming the existence of Ip(6).
Note that this does not provide an estimate of 6 since any one-to-one transform-
ation of a sufficient statistic is also sufficient. If 6 and T a sufficient statistic for 6 are

both scalars then 7 is unique up to a one-to-one transformation. Suppose there are
two scalar sufficient statistics U and T for scalar 6. Then we have

S, ul6) = f(u|6) f(t|lu) = f(2]6) f(ulr).
Then

f@l6) _ fln _
falo) ~ faw

gu, 1),

such that the left-hand side cannot be a function of 6. The only way this can occur is
if u and ¢ are related by 1 — 1 transformation, independent of 6.

7.8 THE BLACKWELL-RAO RESULT
Suppose U is any estimator of 7(6) not necessarily unbiased, and T 'is a sufficient stat-

istic such that E(U) = E(T). Then for h(T) = Eyr(U|T), since T is sufficient, we
can show that

E[U — 7(0))* > E(WT) — 7(6)).
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Now

E(U) = ErEy;r(U) = Er[h(T))],
EWU — 1> = E[U — iT) + i(T) — 1
= E[U — k(D + E[A(T) — 7 + 2ErEy;r(U — K(T)(W(T) = 7)
= E[U — k(D)) + E((T) — 7)* +0,
so that E(U — 7> > E(h(T) — 7)* with equality iff U = h(T).
So if U is unbiased for 7 so is A(T) and we have shown how to do better than a
given U by an A(T). In the case of U unbiased we have not shown that h(7) is the
minimum variance unbiased estimate (mvue), but we do know if one exists it is

unique. Now we suppose that a complete sufficient statistic exists and we recall
the definition of completeness. T is complete if

E[g(D] =0 iff gT)=0.

Then every function of T is the unique mvue for its expectation because if 7'is com-
plete then for any two U and V such that E(U) = E(V) = t7and E(U|T) = h(T) and
E(V|T) = ho(T),

Ethy —h) =0 iff h =h,.
For the exponential family

f(x|0) = KOPOF(O+C(x)

where the range of x is independent of 6. Let X1, ..., X, be i.i.d. Then

L=]]rei6) =exp <Z k(x)P(6) +nQ(6) + C(xi)>.
1=1 =1 1

It is clear that 7, = > k(x;) is sufficient.
Given the regularity conditions the Cramér-Rao bound is attained for T,
satisfying E(T,) = 7(0) if

9 logf(x;|0)

20 = An(O)(T,, — 7(0)),
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or
0 0
> logf(16) = T, | 4,66~ | 764,66 + R(T,
= T,(x)P;;(0) — 0;(0) 4 C;,(T,(x)),
or
F(x16) = exp(T,(x)P:(0) — Q(0) + Ci(T,(x))).
Conversely, if f is exponential,
log L = Slog f(xi|6) = P(6) ) k(x;) +nQ(6) + ) _ c(xy),
=1 1
and
dlogL A S - L —nQ'(6)
0 = P (0)2k(x;) +nQ'(6) = P'(0) |:; k(x;) P0) }

which satisfies the condition. So the Cramér-Rao lower bound is satisfied for

T, =Y, k(x;), where E(T,) = _;%9()0) = 7(6), since E (mggL) = 0 under the regularity

conditions.

7.9 BAYESIAN SUFFICIENCY
Suppose for data D
L(6ID) = f(D10) = fr(t(D)|O)h(D),

then T is sufficient for 6. Now if g(6) is a prior probability function on 6 so that the
posterior probability function

p(6D) oc L(6|D)g(6) o< f(1|6)h(D)g(6)
or

_ fulog®)
PUOID) = T s = PO
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So the posterior depends on the data D only through T In other words any inference
made with T is equivalent to one made with D. As before the factorization of
the likelihood is the necessary and sufficient condition for sufficiency. Bayesian
sufficiency depends on whatever the posterior probability function depends upon.
This, in turn, depends on the usual sufficient statistic 7’ and whatever other elements
are introduced by the prior g(6). At any rate sufficiency then is not a critical concept
for Bayesian inference.

710 MAXIMUM LIKELIHOOD ESTIMATION

If the likelihood for a set of hypotheses specified by 6 € © is L(|D), then the best
supported 6 is 6 for

L@\D) > L(OD) for 6€ O.

It is the best supported value in the light of the Likelihood approach and it would
seem reasonable to say 6 is the best estimator of 6 (i.e., best supported value but
not necessarily that we have good reason to believe it will be close to the true
value in the long run).

Suppose L(6|D) is continuous and differentiable. Then if

AL(6ID)

0
a0

yields the stationary values we look for the global maximum. Often it is more
convenient to set

dlog L(6|D)
96 o

0

to find the stationary values. Suppose 7 is a sufficient statistic and so that
L(61D) = g(1|0)h(D),

then

dlogL dlogg(z16)

90 96 0,

so 6 will be a function of T but not necessarily a one-to-one function so it need not
be sufficient itself. If the conditions for a minimum variance bound hold so that

dlogL
20

= AO)T — 7)),
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T is sufficient for 6. Then solutions and stationary points are found for

dlogL
a0

=0=T-170)

by solving T = ’T(é) and

#*log L
36>

=A'(6(T — 7(0)) —A(O)T'(6).

We recall that in this situation

7'(0) = var(T)A(0).

Note if 7(6) = 6 then var(T) = A~!(6) and

#logL
962

= A'(O)(T — 7(60)) — A*()var(T),

such that

0%logL

27 = AO)T — 16)) — A’@)var(T) = —A>@)var(T) < 0
0=0

is sufficient for to be a relative maximum. Therefore all solutions  of T — T(é) =0
are maxima of L(6|D). But all well-behaved functions have a minimum between
successive relative maxima. Since all the stationary values are maxima—there is
no minimum between successive maxima and hence there is only one maximum.
So if a minimum variance bound estimator exists it is given by the Maximum Like-
lihood Estimator (MLE) since T = T. Further there is a one-to-one correspondence
between the existence of a single sufficient statistic for 6 and the existence of a
minimum variance unbiased estimate that attains the minimum bound for some
7(0) in the regular case, since in both cases the necessary and sufficient condition
for their existence is the exponential family of distributions.
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Example 7.4 (Regular Case)
Suppose

L(6) = <n>0’(1 —60)"" logL=rlogf+ (n—r)log(l — 6) +10g<n>,
r r
r o n—r

dlogL _0
M 0 1—6
SO é: 2 is sufficient and the MLE. Now

dlogL 1 1 n r n 1

30 Zr(5+1—9)_1—020(1—0)_1—029(1—9)(r_”9)

o1 — 6)
—.

n r
R (Z - 9) = A(O)T — (6)), so var(T) =

Example 7.5 (Non-Regular Case)
Let

Xi,...,X, beiid. fi(x|®)=e“? x>0
and arranging the observations in order of size

X(1) TX@2) =00 = Xp,

L(6) = ]_[ f(xi0) = e 5070 oc "0 for 9 < xq),
=1

so that L(6) depends only on x(;), which is sufficient. Note also that

™0 > " for all admissible 6,

and that x) is also the MLE.

Example 7.6 (MLE not sufficient)
Consider (X;, Y;) i=1,...,n from

Yy
fiyy) =e T8, x>0, y>0,

L(§) = o~ x5y
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Hence (2x;,2y;) is the bivariate sufficient statistic for scalar 6. Now

dlogL

76 —3x; + Ey,,

and 62 = zy, s0 6 = \/Sy;/3x; is the MLE. But the MLE is not a sufficient statistic.
We will come back to this problem later.

7.11 CONSISTENCY OF THE MLE

Let Xi, ..., X, ii.d. f(x|0) and D = (xi, . .. .xp).
Let 0 be such that

log LO|D) > log L(6|D).

Let 6 be the true value of 6 and consider 242 and E, be the expectation for true
0= 6.

Now for 6° # 6y and L(6*|D) # L(6y|D) and by Jensen’s Inequality,

L(6*|D) L(6*|D) B
ko <l°g L(60|D>) = logko (L(e |D>) g1 =0,

L(H |D)

and

0 E [log LEIB* |D):| <E [log L(6, |D)i| ’

n

with strict inequality unless 6* = 6y. Now

logL(6|D) 1

log LLGID) ( | ) Zl £16)
is the sample average of 7 i.i.d. random variables, where

Ea {108/ 0:16)) = [ logf(l)dF 160,
Then, by the Strong Law of Large Numbers,

%2 log f(x:|0) —> Eoézlog £(xi16).
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By virtue of (i) for large n with probability 1
1 1 "
= "logf(xi6%) <= "logf(xil6p) forall 6" # 6y,
n&< n&<

or

1 S (x]6%)
[ > logf 1) Zl‘)gf (’“"9‘))} £ e 751 <
But L@ |D) > L(6|D) or log L@ |D) > log L(6,|D), for all n. So we must have

Plim[6, = 6] = 1.

7.12 ASYMPTOTIC NORMALITY AND “EFFICIENCY”
OF THE MLE

Let L(0) = []|f(x:|6) where X, ..., X, are i.i.d. f(x|6), and assume

dlog L(6)\
E(T) =0,

and that

E<dkgl(®)2=__E(d2bgl(®>
de de?

exists and is non-zero for all 0 in an interval about and including 6 = 6, the true
value. Then the MLE

in law.
We expand ‘“Og L in a Tayor Series about 8 = 6,

dlog ()  (dlogL(6) B d’log L(6)
i = (i) oo (),
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for 6* € (6,6;). Now

0— dlog L(6)
T de

dlog L(0 A d*log L(0
:< og ()) +<a—eo)( oz L >) ,
0=h do 0=0, do 6=0*

or

~ . (dlogL(6) d210gL(0))
0= = ( de )900/( d6* o=

Since log L(0) = ) "logf(x;|0), E[dlogf(x;|6)/d6] = 0 and

_E|:d22 log];(x,'|0)i| _ —E<d2 log 5(9)
deo do

) = nl(0),
then

B d*logf(x|6)
1(6) = —E(T>,

and

A _( dlogL d*logL
(0—90)\/1n(90)—(— - )”U / | Inwo)(W)w / nl(eo)].

Since § — 6y (almost surely),

1d*1log L(6
(gz()) — 1(6y).
n. do 0=0*
Since
dlogL _ dXlogf(x;]6)
deo =6 do 0=00’
S dlogL
6 — 60)/1,(0p) — /1) — N, D,
a9 |4y,
and thus

N 1
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(in law) or

1
N (90’ n1(90)>’

(approximately) by the Central Limit Theorem. Hencef is asymptotically normal
and efficient.

7.13 SUFFICIENCY PRINCIPLES

We will now introduce a further duo of statistical principles. Recall that T(D) is
sufficient for 6 iff

f(D16) = g(D)K(T, 0).

1. Restricted Sufficiency Principle (RSP): For £ = (S, u, 0, f),
Inf(€, D) = Inf(&, D),

if T(D) = T(D') for T(D) sufficient for 6.
2. Unrestricted Sufficiency Principle (USP): If T is sufficient for 6 then

Inf(&, D) = Inf(Er, T),

where £7 = (S7, u, O, fr), St represents the space of T, and fr its probability
function.

Now we show that RSP < RLP. Assuming 7 is sufficient implies
f(D16) = g(D)(T, 0).
If T(D) = T(D'),
f(D'10) = g(DIT, 9),
or

f(D10)g(D) = f(D'|0)g(D),
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SO
f(D16) = gD, D')f(D']6).

Apply RLP and obtain Inf(&, D) = Inf(€, D’), so RLP = RSP.
Conversely, if

f(D16) = g(D, DHf(D'|0),
then
g(DIT, O)h(T|60) = g(D, D")g(D'|T, O)h(T|6),
when T(D') = T(D). Then

SO0 _ o py)
gWD'|T, 0)
which is constant in 6. The only way this can happen is if g(D|T,0) is free of 6,s0 T
is sufficient for 6 and applying RSP yields RLP.

We now can state the various implications regarding relationships among the var-
ious statistical principles in the following diagram:

USP —> RSP
I S VP SN
RCP & MEP «—> ULP —» RLP —» MEP
N \:
UCP — RCP.

Hence, whether you accept LP as such or not, you should if you basically accept
SP and CP. However, classical statistics bases its inferential procedures on the
Repeated Sampling Principle which can violate LP.
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CHAPTER EIGHT

Set and Interval Estimation

This final chapter lays the foundations for developing confidence intervals, fiducial
intervals, and (Bayesian) probability intervals. Considerable attention is paid to
methods based on conditioning on ancillary statistics and to methods based on
Fisher’s “fiducial” distribution. Conditions are developed for the formal equivalence
of fiducial and Bayesian intervals. Methods for multiparameter problems are
discussed and illustrated by the Fisher-Behrens problem for obtaining interval infer-
ences for a difference in normal means with unequal variances, and the Fieller-
Creasy problem for obtaining interval inferences for the ratio of two normal
means based on bivariate normal data.

8.1 CONFIDENCE INTERVALS (SETS)

Suppose X, ..., X, are i.i.d. f(x|0) and a(Xy,...,X,) and b(X, ..., X,,) are two
functions of the observations such that, independent of 6,

Pla<0<bl0l=1-q.

Thus the probability is at least 1 — « that the random interval [a, b] includes or
covers 0. If a and b can so be chosen they are called the lower and upper confidence
limits and 1 — « is the confidence coefficient. More generally if we have a random
set E(Xy, ..., X,,) such that, independent of 6,

PIOEEIO>1—a,

we have a 1 — « confidence set for 6.

Suppose, in addition, f(x|6) is absolutely continuous and there is a function
p(Xy, ..., X,, 6) defined at every point 6 in an interval about the true value 6,
and every point in the sample space. Also p is a continuous and monotonically
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increasing (or decreasing) function of 6, and has a distribution that is independent of
0. Then let [p4, p,] be an interval for which

P(p1 <p <p:]6 =1—a (independent of ).

Then if 6, is the true value of 6, the solutions a and b of the equation p(xy, ..., X,
0) = p;, i = 1, 2 exist and provide a 1 — « confidence interval for 6. So that if 6, is
the true value and say p is monotonically increasing (or decreasing) function of 0

Pla < 6) <b|]=1—-a,

where a and b are solutions to p(xy, ...,x,, 6y) =p;i=1,2.
Here a and b are random variables and the interval [a, b] has probability of 1 — «
of including the true value 6, and [a, b] is the confidence interval.

Example 8.1
X, ..., X, iid. N(u,1). Let Z = (X — w)+/n ~ N(O, 1), independent of w. Then

P[_Za//Z <Z< Zoz/levL] = P[_Za//Z = (Y - M)\/ﬁ = Za/Z]

v <a/2 v . Za/2
=Pl X—-L<u<X+—£
[ N }

= Ji

2 g3
= J dx=1-—a.
—Zap2 V 2

If F(x|0) is absolutely continuous and monotonically increasing (or decreasing)
function of 6, we can always find a confidence interval for 6. Let
pXi, ..., X,10) = =23 ", log F(X;|6). Recall that Z = F(X|6) has a uniform distri-
bution, 0 < Z < 1, so

F(x) = P(X < x) = P(F(X) < F(x)).
Letting Z = F(X), and Y = —2 log Z,
PY >y)=P(—2logZ>y)=PZ < e ) =e 2

or 1
fr) = Ee‘%’,
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thus Y ~ x2, a chi-square random variable with 2 degrees of freedom. Hence
Y; = —2log F(X;|6), and p = 3Y; where Y; are i.i.d. x3 variates so that p ~ x3, inde-
pendent of 6, and

Plpr <pXi, ..., X,|0) <p2]l=1—q,

or
P[x%n<a/2> < -2 logF(Xi|0) < 3, (I‘T"‘)} —1-a
1

Solving for 0 then provides a confidence interval. This demonstrates, for absol-
utely continuous F(x|6) which is strictly monotonic in 6, that we can always find
a confidence interval. But if F(x|6) is not monotonic in 6, we can find a confidence
set instead of an interval.

If we have scalar statistic T and its distribution F(¢|6) depends only on 6 where
' <tr<t"and # < 6 < ¢, such that F(z|0) is monotonically decreasing in 6, we
can find a confidence interval.

Let
11(6)
J, f(t10)dt = a/2 = F(1,(0)|6),
J f@O)dt = a/2 =1 — F(12(0)|0),
1(6)

so that

12(6)

F(12(0)|0) — F(11(0)|0) = J f@lodt =1 - a.

11(6)

Hence

P(0:(t9) < 0y < 0:(19)16)) =1 — a.

8.2 CRITERIA FOR CONFIDENCE INTERVALS

Based on statistic 7 or 7, we denote intervals I(T) and I(T5), where
PO € I(T)|0]l=1—a=Pl6 € I(T)6].

If for every 6, for given 1 — « and L(T) being the length of the interval,

E[L(T))|6] =< E[L(T>)|6],
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and less for at least one 6 then T is preferable to 7. Similarly if one desires the
shortest L(7T) that is,

min E{L(T)|0},

this may generally be rather difficult to execute.
Another criterion is a selective one that is, 7 is more selective than 7, iff for
every fand 1 — «

P(§ € I(T1)|6) < P8 € I(T1)|0),

and less for one &, where ¢ is any value of 0 other than the true value. The most
selective one is that T for which

P8 € I(T))|6) < P(0 € I(T)|6)

for any other T. In other words, I(T}) covers false values of 6 least frequently. How-
ever these don’t exist too often since they are constructed by inverting the accep-
tance interval of a UMP test—which, when available, is usually one sided.

Another criterion is a selective unbiased criterion. The probability that I(T) con-
tains 0 when it is true is at least as large as containing any false 6

P(0 € I(T)|6) > P(§ € I(T)|0).

8.3 CONDITIONING

Fisher stressed the importance of conditioning in the presence of a relevant subset.
A simple example is given that demonstrates its value and importance.

Example 8.2
Suppose X; and X, are independent and

1
PX=0-1)=PX=0+1)=5 0ER

In other words, X; is as likely to be 1 unit above or below 6. Here a confidence set
is a point where

ifxl # X2
ifxi=x,=x

Clr, %) = {i_l

Now if x; # x,, then 6 = x. But

_ 1
PX) # X|0OPX = 0X; # Xp) =5 x 1=5
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and

1 1
PX, =X, =X|OPX — 1 = 0|X, = X») =5%X5= 25.

This C(xj, x,) then has .75 coverage probability of smallest size.

In other words, conditional on x; # x, we are certain that x = 6 so C(x;, x,) con-
tains 6 with 100% confidence but only with 50% confidence when x; = x,. So it
seems more sensible to state this after using the data rather than .75 before seeing
the data and living by that. This brings to the fore the possible use of conditional
confidence sets and the importance of principles of conditioning even when the
Repeated Sample Principle is used.

A somewhat more intriguing conditioning example, purporting to solve the so-
called ancient “Problem of the Nile,” was introduced by Fisher (1956b) as follows:

The agricultural land (x, y; geographical coordinates) of a pre-dynastic Egyptian village is
of unequal fertility (probability density). Given the height (6) which the Nile will rise, the
fertility (f(x, y|6)) of every portion of it is known with exactitude, but the height of the flood
affects different parts of the territory unequally. It is required to divide the area among the
several households of the village so that the yields of the lots assigned to each shall be in
predetermined proportions, whatever may be the height to which the river rises.

In summary, we have:

geographic location = (x, y),
height of the Nile = 6,
fertility = probability density eg.

[ y10) = e 0,

proportionate yield of a lot = probability of a region eg.
A= J Jefexf(’il"’dxdy.
A

The boundary of a lot should not depend on 6 and regions should be in predeter-
mined proportions (i.e., find regions A that are independent of 6).
Since

fx,yl6) = e =0,

26X and 26" 'Y are independent and each x2, a chi-square variate with 2 degrees of
freedom, and

200y 17 F

2 0X 02 2,2



142 SET AND INTERVAL ESTIMATION

where F; represents an F' variate with 2 and 2 degrees of freedom. Consider 7' =
JY/X and U = +/XY. Then x = u/t, y = tu, and

— | —u
2

3y, x)
o

~ | — o~
I
|
_l’_
|
Il
N
=

So

Fu, 1]6) = 27”("? — 2 (04 )

00

£(116) = 2J ge*”(?) +8) du.

0

Let u(0/t + t/60) = z. Then

00 —z -2
£(16) =%J Zedz=2(t+0) .

00+t2 t
0

F(ul6) = 2u J%e_”(? +8)ar.

Further,

Set log (t/6) = v, dt/t = dv, thus

o0 00

efu(e' +e )dv — ZMJ ef2ucoshvdv.

—00

Fulo) = 2uJ

—00

Now
00

Kn(z) = J eV cosh (mv) dv
0

is Bessel’s function of the second kind (or modified) and

Ko(zu) — J e—2ucosh Vdv,
0

where

1
E(e_v + €") = coshv,
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so that

o0

f(ul6) = qu e ueoshv gy, — 4uJ e 2ueohv gy, — AyKo(2u),
—00 0

independent of 6. Hence

2u _, (041
O A LI B o)
Flu, 0) === = ko)

Now

J Je—ﬁx—e’lydxdy — J Jf(t|u, e)f(u)d[du
A A

If ¢ is integrated between 0 and infinity (since any other limits for # would involve 6)
and u between any two constants, say u; and u,, then

J f(u)du = Juzf(u)du

up

results in proportional yields independent of the height 8 which is Fisher’s solution
to the “problem of the Nile.”
Now this is really an introduction to the following problem. Consider again

f@x, y16) = =70,

logf = —6x —y/6,

dlogf y 2y
d@ =—X+E=0 or 0 Z;

Hence the MLE 6 = JY/X = T but 8 is not sufficient since the sufficient statistic is
(X, Y). However, Fisher declares U = V'YX to be the ancillary statistic and suggests
that inferences be made not by using f(¢|6) but on f(¢|u, 6).

More generally, suppose (Xi, Y1), ...,(X,, Y,) is a random sample so that

L( 0) — e—(HExi+0"Ey;)

then the MLE 0 =T = /3Y;/2X; but the sufficient statistic is (3X;, 3Y;). The
information in the sample is easily calculated to be

d*logL\ 2n
1,(0)=—-E|l——— | =—.
© ( de? ) 6?
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Further letting, U = /(2X;)(2Y;) then

t )
2 _M(g‘i‘*) 2n—1
Faue="2—" "

(n)t
_rem) 1t 6\
f(0) —W t<0+t) )
d*log fr 2n 2n
h®__% do> | 6% 2+ 1
So T is not fully informative.
Now
S, ul6)
(116, u) = ,
! J(u]6)
and

u2n—1
f(ul6) = 4K0(2M)F2—(n)

is independent of 6. Thus U is an ancillary statistic. And

2
= Eulru(0) S
02 Ko(Qu) 02

Iy () =

so on averaging over U the information in the sample is recoverable. The following
results can be obtained for the expectation, mean squared error (mse) and variance:

T+ 10— 1) Ki2u)
o B0 =050

mse(T) = Ey[mse(T|U)], var(T) > Ey var(T|U).

E(T|6) =0

Now
ufy+)
Srio(tlu, 0) = Ko’
and
—ucoshy
Srivlu) = Ko

where V = log% so that the distribution of V is independent of # and is a pivot.
Inference about 6 is conditional on u and comes from either fry(¢|u, 6) or fyy(viu).
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However in certain problems there may be more than one obvious ancillary. Here
it was obvious. In non-obvious cases which ancillary should be used? Consider the
following problem posed by Basu (1964):

Example 8.3

Let

n!

4
* n 1 1 1.

L= f(m, ny, n3, na|0) = ————pi'pypiplt, n=> m

niinpin3:ng. 1

1 1 1 1
= — — = — = — — = — < 1.
pr=c=0, pp=c(+6), ps=c2-0), pa=cQ2+0) [6]=<1

Hence

legL_ ni ny n3 ny
deo 1—6+1+0 2—9+2+0'

The numerical sufficient statistic is (n;, ny,n3, n4) with one n; being redundant.
One can find the MLE 6 but 6 is not sufficient. Consider

U= +ny, n3+ny) = U, Uy) = (U, n—Uy),

1 ui 2 n—u;
= (3 Yo = () 6

Consider also

and

V=@ +n4 n+n)=V,V) =Vy,n-Vp)

n=(2)C)

Therefore, both U and V are ancillary—so which one should we use?
Note

W\ (1= 0\" (1+6\"™" (w2 (2= 0\" (2+6\*™™
f(nl’n3|U)_<n1>(T> ( 2 > (n3)< 4 ) ( 4 ) ’
V1 1—6 ny 2+6 vi—ni vy 2_9 n3 1+0 Vo —n3
o= () (59 GG (59

and
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Now for either conditional probability function we get the same solution to d log
f/d6 =0 and hence the same MLE, 6. In general then how do we discriminate
between ancillaries. It has been suggested that one should prefer the ancillary that
provides the most separation, that is, separating the relatively informative samples
from the relatively uninformative ones. Let T'= (n,, n3) and denote the conditional
information quantities as

Iry(0) = W(6) and  I7v(0) = Z()
Note that
EyllTy(0)] = Ev[Irv(0)],
where
3uy 2v,0

—4+1-6 ——+(1-602+0)

. n _ . n
w(6) = n(l — P4 — @)’ 20 = n(l — )4 — )

So we may choose the ancillary that is more dispersed, that is, by calculating the
variances of the conditional information, namely:

2 6
. 62)2(4 e = var(W(60)) > var(Z(0)) = . 02)2(4 @y

On this basis we would choose U as the ancillary to condition on (Cox, 1971).

8.4 BAYESIAN INTERVALS (SETS)

Recall from Section 6.1 that the posterior probability function is given as
p(6|D) o< L(6|D)g(6),

where g(0) is the prior probability function of 6 € 6.
In cases where Xi, ..., Xy are i.i.d., and f(x|0) is absolutely continuous and 6 is
continuous over its range then

N
LOID) = | [£il0).
i=1
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Further,

N
2O [ [£xil0)

i=1
p(OID) = = :

jgw) [ [£@xil0)do
i=1

provided it is a bonafide probability function. The latter will be the case if g(0) is a
proper density and sometimes when g(6) is improper.

For example, when g(6) is uniform over an infinite segment of the real line, and
therefore improper, in certain cases p(6|D) still will be a proper probability function.
For example, if X|, ..., Xy are i.i.d. N(u, o2) and ¢ known, then a simple compu-
tation yields u ~ N(x, %) for g(0) uniform over the real line. Any confidence inter-
val derived in Example 8.1 will be the same as the derived Bayesian interval with
1 — «a the probability that u is in the interval rather than 1 — a being a confidence
coefficient representing the relative frequency of 6 being included in that random
interval in an infinite number of repetitions of drawing N independent observations
from the N(u, 0°) population.

However, theoretically, the Bayesian approach is much more flexible in allowing
probability statements to be calculated either analytically or numerically to obtain
the shortest interval for a given probability or the maximum probability for an inter-
val of a prescribed length. More generally, any probability statement regarding 6 can
be calculated, for instance, the probability that 6 is between any values a and b or in
some disconnected set of intervals, and so on. This enormous advantage, in general,
requires a price, namely the assumption that one can either objectively or subjec-
tively meaningfully define g(0).

Subjectivists will attempt to elicit from an experimenter opinions concerning the
chances of 6 being in various intervals and thereby try to construct a plausible prob-
ability representation of a subjective g(6). In the view of others the purpose of g(6) is
to represent minimal knowledge concerning 6 so that its contribution to the posterior is
dwarfed by the L(60|D). This usually involves some reference prior generated by a
method that involves invariance considerations as previously described in Section 6.3.

8.5 HIGHEST PROBABILITY DENSITY (HPD) INTERVALS

Suppose we have derived a posterior probability function for parameter 6 as
p(8x™). Using a particular loss function we can obtain the shortest size set of inter-
vals for any given probability ¢, 0 < g < 1.

Let the loss be defined for any set A of measurable intervals for 6 be

_[BLAY-K ifHEA
L4, 6 = { BL(A) if g€ Ac
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for K > 0 where L(A) is Lebesque measure. Now

L(A) = EL(A, 0)] = J (BLA) — KIp(0x)d6 + J B Os
A B
= J B['(A)P(mx(m)d(? — KJ p(glx(N))dG
AUA¢ B
- P KJ P(6x™)d6 = BJ do — KJ p(O™)d6
A A N

= J (B — Kp(0]x™))d6.
A

Hence
Igf L(A) = L(A™),

where
A =1o: poy = Bl
{ p(Olx )_K

the HPD region. While this is of comparative interest with regard to confidence
intervals a Bayesian can always report the entire probability function.

Example 8.4
Suppose X1, ..., X, are i.i.d. f(x|0) = fe=® >0, x>0.Then

L(OID) = ¢"e™?,

where ¢ = 3x;. Let g(6) = 6. Then this leads to

M ®Vl*1 e—n@)

poln) = Ty

or 20t ~ x5, a chi-squared variate with 2n degrees of freedom but 6 is the random
variable and ¢ is fixed. On the other hand, it is also clear that for 6 fixed, 20T ~ X%n
where T is the random variable. Hence confidence intervals have a Bayesian
interpretation with the confidence coefficient being the posterior probability. We
note that for n = 1, p(6|t) is a decreasing function of 6. Therefore the HPD interval
begins at § = 0 and stops at 8 = 6, such that

e =1—q.

For n > 1, p(0]r) =0 at # = 0 and increases until the maximum 6 = ((n — 1)/7)
and then decreases. Hence the HPD is a single interval calculated according to
A*. Again, it is to be emphasized the entire function p(6|f) can be presented.
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8.6 FIDUCIAL INFERENCE

R. A. Fisher proposed an eclectic inferential system that included at one level, like-
lihood inference, and at another dependence on repeated sampling, sufficiency, and
conditioning for estimation and testing. Included in this setup was a method for pro-
ducing a “posterior” distribution without the benefit of a prior distribution under the
rubric of a “fiducial argument.” We now define and discuss Fisher’s fiducial
argument.

Let T be sufficient for 8 € (a, b), where both T and 6 are scalars over the same
range that is, T € (a, b). Further let f7(¢|6) be a continuous density with distribution
function Fr(¢|60). Let 1 — F(¢|6) be continuous and monotonically increasing (or
decreasing) in 6 for each ¢t € (a, b) with

(1) limg_,(1 —F(@|0) =0 and limg., (1 — F(¢|6)) =1 if 1—F is
increasing
(i) limg_, F(t|0) =0 and limg, F(t|6) =1 if 1 — F is decreasing.

Then Fisher vests 1 — F(t]0) = ®(0|¢) if (i) holds, or F(¢|0) = ®(6]r) if (ii) holds
(since P(0|r) behaves exactly like a distribution function) with the property of
being a posterior or “fiducial” distribution of 6 for fixed #, claiming that the sufficient
statistic 7 induces a distribution of values for 6. Note that in this case it is also a
“confidence” distribution of values for 6.

The fiducial density of 6 is then given by

(o = 42D _ dA —F(10) _ _ dF(l0) _ |dF
7 R A T P T
o _dF(110) _dF

e(0lr) = 0~ 48

Therefore, fiducial probability statements about 6 can be made for 6, < 6,,
P[0y < 0 < 0] = (0,]1) — P(6p]1).

In other words, the pivot U = F(#|0) may be regarded as inducing a “fiducial” dis-
tribution for 0 for the observed value of ¢. The fiducial argument uses the obser-
vations only to change the logical status of the parameter from one in which
nothing is known of it, to the status of a random variable having a well-defined dis-
tribution, according to Fisher.

Example 8.5

Assume X, ..., X, are i.i.d. N(6, 0%) where o2 is known. Now X is sufficient for 6
where

n nGx—6)»>
- 202

J&x10) = /5—e

2mo?
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Further,

: =0y ) S
_ n —hu—0)" X — n o _y
F(x|6) = J_m ose 1 du= N(T\/) - J_w 5o,

where N(-) is the standard normal distribution function and

R)

_ —dF(x|6)
%) = ————
®(6]x) 70
_ G=6)n no -
= ﬁ Le_ 20’2 = n e—ﬁ(e—x)Z’
o )2 V 27o?

such that, according to the fiducial argument, 6 ~ N ()_c, o2 /n). Of course this is the

equivalent of making V = ;/’\/‘% a pivot whose distribution is invariant if we consider

x fixed and 6 random. Note this is the same as the Bayesian posterior for a uniform
prior on 6.

Example 8.6
Assume X, ..., X, are i.i.d. f(x|6) = fe=%, §> 0, x > 0. Then

LOD) = @', T =S "X, is sufficient for .

i=1
Now 26t = 3, and

B(1-0)

POt < x5,(1 —a)) = J fe du=1-a,
0 n

:P(0<X§"(l_a)):1—a.
2t

So 6 has fiducial density corresponding to );it”,
te~ 1019y
) = ————,
@(6]7) )

and we note this is the same probability function as the Bayesian posterior of
Example 8.4.
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8.7 RELATION BETWEEN FIDUCIAL AND
BAYESIAN DISTRIBUTIONS

Since Fisher said the fiducial argument induced a distribution for 6 and the only
other mode of inference which posits a distribution for 6 is the Bayesian mode,
we may inquire whether these two modes of inference are related.

Recall

—dF(t|0
oo = 10,

and the Bayesian approach when there is a single sufficient statistic yields

8O (1|O)h(x) _ g(O)f (1]6)

PO = T OfuIOhds ~ 1)

for prior probability function g(6).
Now suppose we equate the fiducial and Bayesian posteriors,

—dF(t]0) _ g(0)f(1]0) _ g(6) dF(z]6)

e v  y@® dt
or
—dF/d6 _ g(6)
TR (8.7.1)

For a solution it is necessary that the left-hand side be equal to a product of a
function of 6 times a function of z. We rewrite (8.7.1)

1 dF+ 1 dF_O
v dt  g(6)do

and set

t

I'e = J wt)dt,

0

G(o) = J 2(0)d0

SO

1dFdl  1dFdG

———+————=0.
vdl' dt +gdG do
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For arbitrary H(I', G), let

dF dF _ . dH(T,G)  dH(T,G)
dl " dG~ I dG

Lindley (1958), who provided this argument, has shown from the theory of partial
differential equations that the only solutions are ' = Const. which is not possible
here or F(t|0) = H[I'(t) — G(0)] and H is arbitrary.

Now suppose F = HI'(t) — G(60)) and let I'(f) = u and G(#) = T where u is a
new random variable and 7a new parameter. Then for F = H(u — 7), 7is a location
parameter for u, and F is decreasing in 7, and

—dHu—1 —dHw—17 du—7 dHu—17 du—7 dH@u—1)

dr T dw—1) dr  du—1 du du
or
—dH(u — 7) —dFd_O
dr _ do dr _
dHu—1 d_Fﬂ -
du dt du
or
dF dt dr
do) \du) \do) g(6)
dF = 7d6 T du )
dt dr dt
Hence,
~dF _dF g(6)
de  dt y@’
or
0
o0 = £110) 52,
(1)

as required and prior density g,(7) = constant since G(0) = 7.
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Hence, we showed that, a necessary and sufficient condition for a fiducial inversion
to be equivalent to a Bayesian inversion is that, for some H

F(t|6) = Hu — 7),
u="T@), 7=G(0). (8.7.2)

We note that if 6 is a scale parameter for ¢ then log 6 is a location parameter for
logt, that is, u* = log ¢ and ™ = log 6 with

F = H*(logt — log 0),
then
1
g(r*)d7* ocd = d log foc (—9d0.

We now show that the use of the square root of /(6) as a prior density is necessary
for fiducial inversion. Since for equivalence F(¢|6) = H(u — 7), then

dFF dH(u— 1) y dI'(r) — G(0))

Fal0) =2 = du—17) dt
dH (u — dr
log f(116) = 1og(d(;”7_7)7)> + log <%>
dlogf(0) _ d (dH(u - T)> _ dlogh(u— 7)
de de du—7) do

_ dlogh(u — 7) § d(u— 1)
T du—-1 deo

_dlogh(u—1) (—dr
T du—1 (d@)'

So

5 [d1ogf(t16) > (dr 2E dlogh(u — 7)\°
T _(%) U( du—n )

dr __ dG(6)
a0 = ~do °

Since
dlog h(v)) 2

1(60) = [8(9)]2Ev< .
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The second factor on the right-hand side above is independent of 6 since v =u — 7.
Therefore, 1(6) o< (g(6))> and

13(6) o< g(6).
Hence, the equivalence
F(116) = Hu — 7) = HT'(t) — G(0))

yields I(0) = (d7/d#)?, and I%(B) yields the Bayesian correspondent to the fiducial
inversion. Thus the condition is necessary for fiducial and Bayesian procedures to
yield equivalent results.

Fisher also claimed that once a fiducial distribution had been obtained it could be
used as a prior distribution for a second sample just as in the Bayesian case. Recall
for t a single sufficient statistic for 60

g(0)f (1]6) o< p(6]r)

and for a second independent sample,

g(O)f (2110)f (2216) o< p(O)11)f (12]0) o< p(O|t1, 12),

where ¢, and #, represent independent samples.
Further,

p(B]t1, 12) o< g(O)L(6]11)L(6]12) o< g(O)f (£1]0)f (1216).

Now suppose from the fiducial inversion we get ¢(6|#;) and we have an independent
new sample f(#2|6). Then according to Fisher, the fiducial distribution based on the
combined sample can be obtained as

@(0]11)f (12| 6)

V(. 1) = Tefdo

which equals the posterior p(6|t1, t;) provided (8.7.1) is satisfied in #,.
If we had both samples at once and we inverted them so that

L(O|11, 12) = L(6]t1)L(0]12) o< f(1]6),
where ¢ is the total sufficient statistic that includes both samples ¢ = 7 (¢;, #,) then
Fisher asserts that

—dF(t|6)

o(01) = W

=W(0|ty, 1) (8.7.3)

but without proof. Lindley (1957) gave the following argument.
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The most general family that admits a single sufficient statistic for scalar 6 is the
exponential,

f(x|6) = FOIPOFOO+CX)

= PO g(f)c(x).

It is clear that for X, ...,X, a random sample from the exponential family,
> k(X;) =T is sufficient. To simplify, without loss of generality, we consider 7} =
k(X,) and T> = k(X3) so

L(O|t1, tp) oc g ()P O+,

The fiducial inversion using t = #; + t, is @(6|¢) that is, a function of #; 4 f,. Now
consider the step by step fiducial inversion

e(611)f (12]6)

W(O)t, t) = [ efdo

If ¥ is the same as ¢ it must be a function of #; + f,. Now for 6 versus ¢

Wblr, 1) _ (6l1)f(1216)
YO, 1) @b0)f(12]6)

should be a function of #; + £, when # # 6 and independent of the interchange of 7,
and £, so that

O (1]0) _ @Bl (1]6)

SO (1]0) @O0 1]0)’

O @(O11) _ f(1l6)(1]6) _ e=POHrO)

AOT@(0l) ~ f@l0f 0]0) — FOHP@)
— NIP(O—P(O)]—0[P(O)—P(0)]

— —0)(P(O—P(6)

or

o0 [1)e "D p(Blr)e =D |y

@(0ln) = <p(6“|tz)e—‘2”6”

Regard ¢ and 1, as constants then

@(0)t) = A(t))B(0)e" P,
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Hence,

—dF(t10)/d0 _ @(0]t;)  A(t))B(6)e""®
dF(t,|0)/dt; "~ f(t:10) ~ h(t))q(B)e"F(®
_ g
oy’

which implies equivalence of the Bayesian and Fiducial inversions based on #.
Hence (8.7.2) (F (¢;10) = H(I'(t;) — G(0))) is necessary in #; for

o(0lt1, 1) =V (0t1,12)

to be true.

Moreover since the distribution of ¢, 4 £, is of exponential form it follows that
(8.7.2) must also be satisfied in #; + ¢, since it is satisfied in ¢;, thus (8.7.3) must
be satisfied.

We now seek the relationship between the exponential family and F(z|6) =
H{[T'(t) — G(0)) to show that it is not vacuous. First we give an example of a
distribution from the exponential class for which two observations x; and x, demon-
strate that

@(0lx1)f (x2]6)

@(0lx1, x2) # W(blxy, x2) = [ efdd

Example 8.6

Lindley further presents the following counter example. Let

2

f(x|0)=1+9(1+x)e_xo, forx>0, 6>0
xB0e=x0

F(x|)=1—e " — )

(x]0) e 1o

This belongs to the exponential class. Note X, + X, = Z is sufficient for . Lindley
shows that

@(0lz) # W(Olx1, x2) # V(blxz, x1),

which shows a lack of consistency within the fiducial argument if it is used in the
same manner as the Bayesian argument.

In fact, as must be the case here, even for a single observation the fiducial inver-
sion is not equivalent to a Bayesian inversion. In order for this to be shown we
require a preliminary result known as Cauchy’s equation for the general solution
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to the functional equation
h(u + 7) = g(u) + k(7),
which is
gw)=au+b;, k(r)=at+ b.
Proof: Set 7= 01in h(u) = g(u) + k(0) = g(u) + ¢, or g(u) = h(u) — c;, and set u =
0in A(7) = g(0) 4+ k(7) = ¢ + k() or k(7) = h(7) — ¢, such that h(u + 7) = h(u) +
h(7) — c1 — c.
Now

hu+7)—ci—cy=hu)—cy—cr+h(r)—cy —ca,
flu+m7 f(w f(

known as Cauchy’s equation.
For an equation of this type

F@+x2) =f() +f(x2), set x; =x, =x
or
F(2x) = 2f (x).
By induction, it can be shown that
Ja+ -+ x) =F0) + - 4 F ().
Now let x; = - - = x, = x then
J(nx) = nf(x).

For m a positive integer let x = ", then f(mt) = nf (% 1). Now f(mt) = mf(¢) so
nf(21) = f(mr) = mf(¢) or f(%1) ="2f(r), so since r =" 1is a positive rational

number, f(rf) =r f(f) holds for all positive rational r. For x =0, f(n+0) =
f(n) + f(0), therefore, f(0) = 0 and

f(nx0)=0f(0), then f(0)=0 is good for r =0.
Let f(x+y) =f(x) + f(y) and let y= —x for x > 0 so that y < 0. Hence f(0)=

) + f(—x) but f(0) = 0, so —f(x) = f(—x). Therefore it is also true for negative
r as well. Now in f(rt) = rf(¢) set t = 1 and f(r) = rf(1) = ra now if true for all
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rational » and fis continuous it is true for all real r so the solution is f(x) = ax. Now
h(u) = f(u) + c; + ¢», therefore h(u) = au+ c; + ¢, so that g(u) = au + ¢, and

h(7) = f(7) 4+ c1 + ¢, therefore h(7) = a 7+ ¢ + ¢», S0 k(T) = a7+ ¢y, as required.
Recall the exponential family

F(x16) = g(O)c)e" .
Without loss of generality we can consider
f&x16) = g(O)c(x)e™,

so the class is as wide as the class of functions ¢(x) where

Jc(x)eexdx = ﬁ

exists for all 6 in its range. Therefore we want to find under what conditions there
exists # = u(x) and 7= 7(0) such that f(u|7) is a function of u — 7, or letting

7= —, a function of u + 7. We transform to
Fulm) = gDy
dx(u)
log f = log q(6(7)) + log c(x(u)) + O(7)x(u) + log dn
thus
d? logf ,
e g (1x' ().

Then consider f(u|7) as a function of u + 7 since this is the condition that is
necessary and sufficient for the fiducial inversion to be Bayesian. Then

d*logfu+1)  d*logf(u+ 7)
dudtr du+ 7)?

s

which must be either a constant or a function u + 7. This is because

dlogf(u+7 dlogf —du+m7 dlogf
du _d(u—i—T)X du du+1’
dlogf
d?logfu+7 \du+1) du+7  dlogf
drdu. ~  dw+7  dr du+n
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Therefore, 6 (7)x'(1) is a constant or a function of u+ 7 and log & (7)x'(u) =
log §'(7) + log x'(u) is also a function of u + 7. Therefore, by Cauchy’s equation

log 0(7) = at+ by, logx'(u) = au + b,

where a, b, and b, are constants.
First suppose a # 0 so that

01(7_) _ ea7+b1, x/(u) — euu+bz’
thus
(7t =de*" +c1, x(u) =dre™ + cs.

It is no loss of generality to let ¢; = ¢, = 0 since the terms involving them in

d
Flul7) = qO(M)e(u)e ™™
du
can be incorporated in the functions of u and 7 as constants such that

FulD) = qi(De wehee .

Therefore, g (7)c; (1) must be a function of u 4+ 7. Applying the same arguments as
before,

q1(1) = B1e®” and c¢;(u) = Bye™,

SO

a(u+7)
flulm) = yettHDeh Ry = By B,.
Transforming back to x, since Ox = d;d,e®“*™ or § = d;e*", then

d
0dx = d\drae™™ Vdu, dx = dyae™du = axdu and du = aly
ax

Hence, for y= 8,8,

aja
bx — ea(u-‘rT)
did, ’
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and

-1 aja
oW Ox fx
fx16) = P <d1d2) e,

Since we assumed the range of x is independent of 6 the range of « is independent
of 7 for u and 7 over the whole real line and x and 6 over the half lines ending
at 0. Let %‘ = A. Then for x > 0, 8 < 0, but by changing the sign of 6 we obtain

f(x]6) oc XM,

the gamma density.
Now returning to

log (1) = at+ by,
log X' () = au + b,

we consider the case a = 0. Then with an obvious re-definition of the b’s, 6 (1) = b,
and x'(u) = b, such that

(r) =bi7+d, x(u)=byu—+d,,
)

fulm) = qi(1)er(wye*™.

128

We can complete the square by multiplying by e e™® and dividing by the same

quantity yields

FulD) = ga(Deyw)e®™

such that g(7)c (1) must be a function of u 4 7 or a constant. So

(T2 () = Be™ 7,

or a constant, that is, « = 0. Then

f(ul T) — ,yea(u+’r)eﬁ(u+7)2 )
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Let z=u + 7then

@,
f(l’t'T) — ,yeaZ"rBZZ — ,yea(Zz+3~)

o?

2,& Q.
] eS(z +5itye)

=c
= 15D = ¢ utTHa)
so that U is normally distributed.

Since X is a linear function of U then X is also normally distributed.

Hence the only continuous distributions of the exponential family that satisfy the
condition

F(116) = HT'(t) — G(0)),

which render a fiducial inversion equivalent to a Bayesian inversion are the gamma
and normal forms or transformed thereto. Hence it is clear that when

F(110) = HT'(t) — G(0)),

we can make fiducial, Bayesian and confidence procedures coincide though we are
restricted to the normal and gamma families.

8.8 SEVERAL PARAMETERS
Let
Xty ..o X1y, idd. N(wy, o), Xo1s ...y Xoy, ii.d. N(uy, 02).

For the confidence solution, where (1 + ny — 2)s*> = 21‘2:1 Z]}‘il X — X)),

_ _ /1 1
=X — X2 — (U — W))/$\[—+—~ by 10,2,
n  n

a student ¢ variate with n; + n, —2 degrees of freedom, independently of the par-
ameters. Thus

Pl—typ <t <tyn]=1—a Yyields for 6 = u; — u,,

_ _ 1 1 — — 1 1
Pl Xy —Xo —taps,/—+—=<06<Xi —Xo+tops,/ —F+—|=1—-a.
ny n np np
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To apply the fiducial argument we first reparametrize the likelihood

Ly, po, 07) = L(3, p,,, ),

where
nipy + napy _ mX + X
w=—"——— and X, =—-—"—"-.
ny+np n +ny
Then
(s o, ) = L(S, p,,, 07)
efﬁ[(”‘ =25 (- n) Gy — 5y (B 58]
- 0'”l+l’lz s
or

L3, p, 0%) = L(8,0H)L(0, pa,,).
Now Fisher gives two arguments for a fiducial distribution on &. First let
e X —X,— 6
be the pivot from which
_mtn—1

1 £ ’
t) oC _
(1) ( +n1+n2_2>

Then transform to the random variable 6
_ mtm—1

(8— (%1 —X2))?
s2(ny +n)(ny +ny —2)
niny

@d)oc |1+

Another argument he uses is a step-by-step approach. Let X —%, =d and
v=n; +ny, —2. Then

fd, %y, 8% = n<a|8,al(i+i)>n(xwmw, i) x f(s*|0?),
n ny+ny

np
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where n( -) is the normal density function. He first inverts f(s*|0”) and obtains

1 vs? % e_%
Ay =— (¥ .
2

Fisher then inverts

1 — F(d|8, 0®) = D(8|d, )

to obtain
__(8=ay
(5ld, o) = L (),
27o? (% + l)
Similarly,
- o>
o, |0%) = n(xw, e nz)
and thus
P(thys 8, ) = @i, 8 P(0?) = @) (8]0 Pl | ).

Then

J it | P)d s, JO o5, o%dazzjo o(8107)o(0?)d?

_ _n|+n2—1
(8 —d)*nimy ) 2
s2(ny +no)(ny +ny —2)

= @(8ld, 5*) o <1 +
From the Bayesian standpoint we get the same result for prior density

1
s 5 0-2 o —.
81y, M, 07) p

So again all three modes can be made to yield the same interval on é.
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8.9 THE FISHER-BEHRENS PROBLEM
Let

X“, ey le 1.1.d. N([.Ll, 0’%),

Xty ooy Xon, idd. N(uy, o).
Now the joint set of suf@cient statistics for (u;, w,, 021, o%) is ()_(1,}_(2, s%, s%), where
(n; — Ds? = Y1 (X;j — X;)* so that

o S (ni — s?
f('xl7 X2, S%v s%',"’“[’ Mo, 0’%’ 0%) = Hn<'xl’ n_l>f)(i = <Tl>'
i=1 i ! i

As before, transforming w; and u, to 6 and u,,, and inverting the two Xﬁ;—l
distributions, we obtain the fiducial density

@8, p,y, 03, 02) = (8|03, D@, |02, 33)e(a3)e(a2).

1
Integrating out w,, and setting Z = (6 — d)/ (ﬁ + ﬁ)2 results in

np ny

2 2
0, <02‘+0%)/<s1+sz>>¢(0?)¢(0§),
np ny n ny

(o AE /D
" er(it e ) (oo

Note ¢( — z) = ¢(z) so the marginal distribution of Z is symmetric about 0.
Fisher also shows

o(z, 021 0%) = n(z

and

o0 TR
@(Z):J i) J Fndn |do,

00

where t; = f/i/‘;_, i=1,2,

_s1//m g s1//m

2 2\ 2
s S

1 2
_+_
n np
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and

r@ (1)

10 = =D F(ni - 1)

This has been tabled by Fisher and one can obtain

P<—Z£§Z§Zﬂ>:1—a
2 2

or

~ ) 2\ % _ 2 2\ 3
P|:d— <s_1+s_2> za<d=<d+ <S—1+S—2> Zﬂ:| =l-a
n np) 2 n. m) 2

This solution is equivalent to a Bayes solution with prior density

1

81y My, O%s 0%) oc?.

We can find the explicit density for n; = n, = 2. Let

- 1 -
W:(a—d)ﬁzz(s%+s§)2 _ bd-d
S1+ 52 si+s2 s% s% 5
(5+3)
Now
o+ o2
¢(w, 07, 03) = n(w|o, ﬁ)cp(oﬂsbcp(oﬂsﬁ),
1 2
since
(58— d)V2
s1+ 5

has a normal fiducial density with mean O and variance

o+ 03

(s1+ $2)°

165
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conditional on o7 and o3. Then

43
2 2

I i L S —
oo}

Let & = p, 63 = po3, doF = aldp, then

0.2(1 +P) 21)'2 2prrf
(w, 0‘2, ) oC n(w 0, ) = o
e e '(+s2)2o%p‘@o%1
2
1 w2 (s1+52)° 7012(Y%+72)
e 2 AU+p .
ag/1+p g"l‘pz
Hence,
wi(si+s)° 53
X 6—2—021(—(15212) +57+2)
P2/1T+p 1
1
Lety= s then
1
o(w, p) o< 3
3 w2(s) + 52)° ) s% 2
pJ1+p T + 5]+
and
r v, p)dp o< ! o<t
w, )
0 v pp (s1+ 522+ wis) +s2)°  14+w?
or

1
o) =y

a Cauchy variable.



8.9 THE FISHER-BEHRENS PROBLEM 167

Fisher also obtains for r = s3/s7,

plvlp, r) = L
P | ew, pydw

|
[\S][9%)

2(1 12
W(——i_r)r = f(wlp, 1).
(1 +p)<l +p)

Now one can obtain the unconditional sampling distribution of w given p as

I p !
F0lp) = s [m + m}

(Geisser, 1969). Note that f(w|p) = f( — w|p), and

oc |1+

. 1 .
Ilgrg)f(WIp) = m = ,}an}o fwlp).

The distribution function is

S/ T P A—
(1 +p)d +w?) VL +p)(1 +w?)

1 1. _
F(wlp) =§+7—T{sm !

and
1 1 a . a
PIW > wolpl=1—=——{sin”! Wa/P + sin~! id
2 m (I +p)(1 +w2) V4 p) (1 +wd)
= a(p).
For w, > 0,

Pl—wa =W = wo] =1 = 2a(p),

- S|+ 852 ) s1t 82 —1_
P[d—(ﬁ>wa§6§d+<ﬁ)wa}—l 2a(p).

We now seek the value of p that maximizes a(p) and hence minimizes 1 — 2a(p).
It can easily be shown that for any fixed w,, or a fixed length of the interval, the
probability is minimized or, conversely, for a fixed probability the length of the
interval is maximized when p = 0 or co. Note that this would be the fiducial interval
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for 6. Hence the most conservative limits for 6 are given by the fiducial solutions
where p =0 or co, values that are not very appealing for p = 03/07. Here we
have a situation that the fiducial inversion which is equivalent to a Bayesian inver-
sion will not coincide with a confidence solution, and when using the usual improper
prior has an awkward feature.

8.10 CONFIDENCE SOLUTIONS
We now discuss two confidence solutions that have been proposed.

1. Random Pairing, Scheffé (1943):
It will be sufficient to indicate the case where n; =n; =n, say. It is
suggested the observations be randomly paired or assumed that the
numbering of the observations are independent of the values of the obser-
vations. Let

Yi:X“—le‘ l:1,,n

Then Y; are i.i.d. and N(w, — u,, 7) such that

n

v 1.2 2 \2 vV o
YNN(a,;), (=D& =3(Y;-Y? n¥=) V.

1

Then
Y-6
== tn—l,
s//n

a student variate with n — 1 degrees of freedom. Then

t

— S — S
PlY ——te<é6<Y+—ta|=1—qa.
[ N +~/ﬁ7} “

Note that no matter what the random pairing is ¥ = X; — X, but s> depends
heavily on the random pairing. This is unlikely to be acceptable in statistical
practice. In the case n; < n, the following trick has been proposed to keep
7 = X 1 — Xz. Let

1 np _
sz,-—xz i=1,...,n,
1

nj
Yi=Xy— |—Xoi +
ny niny

which preserves Y = X, — X,. However, these solutions have never been
given serious consideration, even by frequentists.
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2. Solution by Welch (1947):
Consider the Behrens-Fisher statistic

Z

_ X1 —X2) — (1 — my)

I

2 2\ 2
N AY
1 2
a2
n. np

o st/m y= o1 /n
s3/ny + s3/nmy° a2 /ni +o3/ny

and let

Now Welch considers

L PlIZ] < V(O)le, YIf(clyde = F(v)
= P[|Z] < V(o)

and it appears from numerical calculations that F(vy) seems to be almost independent
of . V(c) is a rather complicated function of ¢ and does not particularly concern us.
The rationale for Welch’s approach is the following: First consider the case where
0'% = o-% Then for the “student” case suppose

Pld — 8> h(s%, ¢)lo*] = ¢ independent of o?.

We can find such h(s?, q), namely,
1 1
h(s®, q) = tgs,|— +—
n  n
for 7, defined as
q= J s(t)dt,
Iq

where s5(f) represents the density of #,,.,,—2. By analogy, Welch says, for 021 # o%,
Pld— 8> h(s}, 53, 9l = ¢

and if ¢ is independent of all parameters for some function %( - ) then we have a
bonafide confidence interval.

Tables for this method appear in Biometrika Tables for Statisticians by Pearson
and Hartley (1966). We extract the relevant heading first line of Table 11.
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Table 11: (From Pearson and Hartley, 1966). Test for Comparisons Involving Two
Variances Which Must be Separately Estimated. Upper 5% Critical Values of Z (i.e.
Upper 10% Critical Values of |Z|)

Ais?

¢ | MR 00 o1 lo2]03]0405]06]07]08]09]10

V) Vi

6 6 1.94]1.90 | 1.85 | 1.80 [ 1.76 | 1.74 | 1.76 | 1.80 | 1.85 | 1.90 | 1.94
8 1.94]1.90 | 1.85 | 1.80 [ 1.76 | 1.73 | 1.74 | 1.76 | 1.79 | 1.82 | 1.86
10 1.94]1.90 | 1.85 | 1.80 [ 1.76 | 1.73 | 1.73 | 1.74 | 1.76 | 1.78 | 1.81
15 1.94] 190 | 1.85 | 1.80 [ 1.76 | 1.73 | 1.71 | 1.71 | 1.72 | 1.73 | 1.75
20 1941190 | 1.85 | 1.80 | 1.76 | 1.73 [ 1.71 | 170 | 1.70 | 1.71 | 1.72
o 1.94]1.90 | 1.85 | 1.80 | 1.76 | 1.72 | 1.69 | 1.67 | 1.66 | 1.65 | 1.64

We now review the problem from Fisher’s point of view. The relevant entities for
the two populations I1;, and II, are:

I, is N(u,,0%) I, is N(u,,d3)
data n, X1, s% na, Xo, s%
Z:(?_Cl —X2) = (1 — Mp)
pivotal Vsi/m +s3/n
c=— S?/nlz v o1/
weights si/m + s3/n2 a1/m + 03 /n;

Note that when n; = ny, Z is equivalent to the 7 statistic and if in addition y =
0.5, 07 = 05 then P[|t| < 1.782] = 0.9. Here P[|Z| < 1.74] = 0.9. This is then
not an acceptable procedure according to Fisher (1956a).

Now f;o P[|1Z] < V(c)|c, ylf(c|y)dc = F(y) = 0.90 no matter what vy is, at least
to 3 decimal places.

Fisher notes that if ¢ = 0.5 and V(c¢) = 1.74 no value in Table 12 reaches the
stated probability 0.9 no matter what y is. Welch (1956) retorts that for any fixed
value of v, the average over all values of ¢ is 0.9 to 3 decimal places. In a sense
this tells us what is going on. Welch considers

J P[IZ] < V(o)le, YIf(cly)de = P[|Z] < V(o).
0
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Table 12: (From Pearson and Hartley, 1966). Tabular Values of P[|Z| < V(c)|c, y] for
Sample Size n; = n, =7, Modified from Welch (1956). For vi= v,=6, A1 = A= %,

Ars? s2
L S,

oW 2.2
)Llsl+)t2s2 1153

c V(c) .1 2 3 4 5 .6 i 8 9

.0 194 976 970 960 944 924 892 842 756  .598
.1 190 918 944 944 934 918 890 844 764  .608
2 1.85 .850 910 924 922 910 .888  .846 772  .620
3 1.80 784 876 902 908 902 .884 848 780 .634

4 .76 728 840 882 896 896  .884 852 792  .654

5 1.74 682 810 .862 .886 .892 886 .862 810 .682

.6 1.76  .654 792 852 884 896 .896  .882 .840 .728
i 1.80 .634 780 .848 884 902 908 902 876 784
8 1.85 .620 772 846 888 910 922 924 910 .850
9 190 .608 764 844 890 918 934 944 944 0918

1.0 194 598 756 842 892 924 944 960 970 976

which appears to be approximately independent of vy. Fisher considers

L P[IZ] < V(O)le, Yle(yle)dy = P(Z] < V(c)lc].

Actually, Fisher offers the following alternative way of deriving the fiducial
density of

d—6

2 2N\%
S

n ny

§2
He notes that for p = 03 /07 known f (S—g | p) does not depend on § and 53 /57 can be

considered a “relevant subset” to condition on. Hence he considers the conditional
inversion

f@s3/st, p) = @(zls3/st, p)-
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Now
[ 53/s11p) = f(ls3 /51, P (s3/s11p),
so that
¢z, p) = @(ls3 /51, P(plsr/s1),
and

J @(z, p)dp = ¢(2).

Fisher defines a recognizable subset, “In a hypothetical infinite sequence of trials a
subset is called recognizable if a rule can be given for identifying each member of
that subset before the outcome of the trial. A subset is called relevant if the fre-
quency distribution of the quantity in question depends on the recognizable
subset.” In view of this Fisher claimed that the Welch solution was defective
because it does not recognize the relevant subset s5/s7.
To further complicate matters Buehler and Fedderson (1963) show that a relevant
subset exists for the ¢ statistic,
(= w/n
n—1 — f s
which was used and approved by Fisher as not having a recognizable subset. Their
argument goes as follows: Consider the case n = 2. Here

0= wiray

the Cauchy density, so that
* 11
1-F@)=| f(wdu=—-——tan"t.
. 2 @

Note that for t = 1, 1 — F() = J, therefore,

05=P-1<t<1]=P|-1<—2
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since
2 1 _ 2 _ |.X'] _le
) —2(xl X)” or «/§
Then
0.5 — P|:x1 + x; —2|x1 — Xx3| <p< X1+ x -Zl)q —x2|] = Plxgy < pu < xp),

where x(;) = min (x, x2) and X2y = max (x1,x2). Now let
A= {x;, x:xq) < pn=x2},

2
B = {xbxz D xr = xof 2§|x1 +x2|}.

Then it is shown that B is a relevant subset, that is,
P(A|B) > 0.5181 and 1— P(A|B) < 0.4819.

So whenever B is true the coverage is greater than 0.5 for all w and less than 0.5
otherwise.

Hence Fisher’s fiducial ¢ can be criticized in the same way that Fisher criticized
the Welch solution. Fisher had claimed that x and s* were jointly sufficient for u and
o and since knowledge of w and ¢ is apriori absent, there is no possibility of recog-
nizing any subset of cases within the general set for which any different value the
probability should hold.

Statisticians have not been able to adequately resolve these anomalies unto this day.

8.11 THE FIELLER-CREASY PROBLEM
Suppose that we have bivariate random variables (X, ¥) with E(X, Y) = (u,, 1) and

(o %)
cov(X,Y) = .
Gy O

y

We seek a confidence interval for u,/u, = a. Further, we assume thatZ =Y — aX
is N(0, 0?) since E(Z) = E(Y — aX) = p, — (,/ i, )p, and

var(Y — aX) = of — 200y, + azo;zc = o

Now assume (X1, Y)), ..., (X,,Y,) are i.i.d., then Z,, ..., Z, is i.i.d. N(O, 02).



174 SET AND INTERVAL ESTIMATION

Fieller (1954) presented his solution at a Royal Statistical Society symposium.
He observed that

VAZ_ Ja(¥ —aX)

- 7 = In—1,
P 1

2 _ 202’
(sy 208 + sx>

a student ¢ with n — 1 degrees of freedom. Then

- - 2 o0
p[M < ;2} =1-2p, p= J F(odt.

2 _ 232 = "'p
§y — 2asy + a’sy i)

BN 568

2
R

Let 2 = 2,
n

Sxy
5 = S)%, = = S5y then

Pl

Pl@(® = 252) = 2a(%5 — s5t2) + 7 — 22 < 0] = 1-2p,

or
2a(% — s:2) P — 252
Pl(F —rs)| o — iy 2’2”) +¥2 2] <0
X7 — tps)—c xX° — tpsfc
=P[(® - )@ - a)a—a) 0] =1-2p,
where

255 —sty) | |4 —sgr) P -3
Pt T (- IR
oy, 0 = )
(5 —set) JE 552 = (7 - 2) (2 - 252)
- - tI%s)% '

Then

P[()_cz — t;s)%)(a — al)(a — az) < O] =1-2p.
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If the discriminant
_ (=5 22 2 22\(22 22
D= (xy - sxytp) (y tpsy)(x tps)-c)
>0 « and a real

is { =0 one root a; = ap

<0 o« and a, are complex roots

Algebra yields

R A N B
so for
y
Z‘iZO, o] = 0a) ==,
X
If
2 2 _
2=x (ys)-( xsxy) — 2
p 2 2( 22 _ 2 P’
S S)—C(S)—(Sy S)_f)_’)

D = 0 and there is also only one real root a; = a, = (555 — Xs%)/(&s% — Xsg).

175

Ifo< tﬁ < ?12,, there are two real roots since D > 0. Otherwise for D < 0, there

are no real roots. Now for
Pl - 2s2)(@— an)a—a) 0] =1-2p,
with a; > ay, for ¥* — tﬁs% > 0, or tg < f—z then
Pl <a<ao]l=1-2p

yields inclusive limits.
N - =2
Now if X2 — tﬁs}% <0, or tz > 5, and ar > ey

P(—(a—a)a—a)<0]=1-2p,

or

Pllag —a)a—ap) <0]l=1—-2p=Pla<a; or a>a]=1-2p.

This yields exclusive limits.
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2 _ 22 :
For x* = 1,5z we obtain
P[—za(@ —stl) + 3 — st < 0] —1-2p
= P[oz(s;o-,)'c2 — s)%)_cj)) (xzsg — 252 )/2]

by substituting 2 = ¥*/s2. If sg5%” > s2xy, then

2222 hs
X5 55 X°st 4+ yost — 29xsyy
1-2p=P afziy :PQSZ-F y )izx __); 5]
2(sgx> — s2xy) x 2(s553° — xys2)

Pla<?y (x5 — )" + 255 (5355 — 555
X 2(S;)7)712 — S/%)_C)_)) 5

if xy > 0 or

2" — 2xy(s55z — S
P + (xs5 + ysz ) - xyz(fy_s S57) ’
2(s;c5,x - s)-cxy)

if xy < 0. In either case

Now if 535 < s)%)_g_z, then

Plas? Y. (¥s5 — ysz)* + 2%9(s555 — 553
X 2(si5x* — s2Xy) '
if xy > 0 or
Plas? + (xsy +ysx) — 2Xy(s58% — S33)
X 2(s@x2 — sixy) ’
if xy < 0 so that
P[az¥ A}, A>0.
X

Hence y/x is always included in the interval and one limit goes to infinity.

Fieller claimed his method was a fiducial inversion and Fisher, in commenting at
the symposium, agreed. However, it was also clearly a confidence procedure as
Neyman asserted at the symposium. Further we have the anomaly that whenever
D < 0 we have a confidence (fiducial) interval which is the whole real line with
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coefficient less than 1. Many explanations were proffered for this anomaly, none of
which were satisfactory.

Now consider the following simpler version of the problem:
(X, Y) are pairs of independent random variables with X ~ N(u,,1) and

Y~ N(My, 1) and let (X;,Y;)j = 1,...,n be a random sample with a = %

X

Method 1. Confidence interval: Let

2
a}'(—l?~N<0,1+a>,
n

since
= 5 - - 2 1 aA+1
E(aX -Y)=ou, —pn, =0, varlaX—-Y)=—+-= .
7 n n n
Then
(ax —3)’n
P(l—i—az St ) =12,
where

2p = J Su(wydu,
U

where U is x* with one degree of freedom and

1 2
1 —2p:P[a2;c2 — 203y + 7 _dte )u2,, < o}.
n
Again, this can be rewritten as
1 —2p=P|:a2<)_62 —”ﬁ) —2aFj + (yz—@> < 0]
n n
=P[(F =)@ - an)a— ) =0,
n

where

ap, o = [5@ +

[ =26 ] -
s e /)




178 SET AND INTERVAL ESTIMATION

Then

D=0 ifuyp=0 or uy= n(x* +y*) one root, as before
D>0, 0<uy <n@E@+3*) «a and a, real

D <0, uy > n()_c2 +)72) o and ap complex

So we have the same situation as before with confidence limits (also presumably
fiducial limits) being inclusive or exclusive or when uy, > n(x*> +y%) the whole
real line with confidence coefficient 1 — 2p.

However, Creasy (1954), at the same symposium, offered what appears to be
another “fiducial” solution along the following lines:

Method 2. Fiducial interval: Consider the simple example as before, where

fElp,, nt) = /2&6—%@—!&)2, independent of

T

f()_)“*‘l’y’ n—l) _ /%Te%@*m)z’

from which we easily get the joint fiducial density,

n n —2_n o2
_ =5 (e —%)" =51ty —Y)
Py, py) = 5—e 287 TR
2

Let a = u,/p, or ap, = p,, then

o,

| = [l

so that
=31, =7 =5 (o, =)

n
o, @) = I,U«,clﬁe

Integrate out u, and obtain

0 ool’l/.l, 2 oy P2aalul— 452
ela) = J Oy, @)dp, = J Soe Al =R AT e 2 S gy
o0 0

0
| P S 2t e e 545 .
oo 27T
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0
Add and subtract J @(,, o)dw, so that

00

/'Lx B2 2% A3+ o 2 —2ap, 5457

()D(a) :J 277_ 2% * ! dlu‘x
—o0

0
_ ZJ n, —%[M%—Ziu,x-&-x“-&-a ”’\' 2ap,xy+\ ]d
—0o0

e
21T
Now
=22 2
o G a) 2, Grap ) _ on S M0, GO,
G+ay)? _ n(l+a) ya+x \2
B T e N e
SO
G+ay’ n -
ned Trar AEH) [ oo S _&a+5c)2
Q)=—— 2 X 14+a?/ (d
¢(a) oy Um My My
0 n(1+a?) Jatx\2
— ZJ I:Mxe_ 2 (‘U'X_1+a2) }dl”l’le
—o0
Let
yo+Xx (Ya + X)/n
t= (1+ a2)n = p /(1 + a2 — 227
(= VT e = e
_Gatdyn P s k)
Vit a2 YA+ edn
Then

n(y—ax)

e 20+a) 1 « 2 - _z
o(a) = |:J (t+r)e 2dl—2j (t+r)e 2dti|.

V2m(1 + a2) V27

(o)

Now consider

1 (® 2 2 (7 2
e t+re_2dt——J t+r)e 2dt
\/ZWJ—OO( ) \/27T ( )

o) —r 2 —r eftz/Z
=r—— te” 7 dt —
\/2WJ J V2

2 (7 2
=r—2ro(—r) — — te” 2dt
VZWJ

—00

—00

—00

-r2/2

2
e bl
N2
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so that
_ nG—ai)? 212
21+ [ 2e" r
o(a) = ¢ ¢ + 4 J et |.
A+ oADV27| V27 27w)-,
Let
tan():;ﬁ__cg, 6 =tan"! _a)')’ —gf OS%T, a=,/&+y)n.
Then
cos 0 = —= xjtay , Sinf=—= xc)f—y ,
VEE+3)( + a?) VEE 30 + a?)
and
acosezwzr’ asinezw.
1+ a? 1+ a?
Recall the trigonometric identity
t + tanb Xxa —y y
tan (¢ + b) = M, so 6=tan"! M =tan"! @ — tan™! ):}
I ¥ tanctanb X+ ay X
Therefore,
da
do =
14 a?
and
2 2 2
L in2g |, —ecos 0 50
@(0):6 2 2¢7 2 +acos¢9J”C° P2
A/ 27T A/ 27T LY, 27T —acos @
cinl s 6
_ le—az/Z |, acos He_w rc‘“ P2
T 0
Hence,

acos 6 o cos? 3 5
P2 — e‘TH acos 6 (acos6) (acos 0) .
1 1-3 1-3-5

0
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so that

/2 (acos0)® (acos6)* (acosB)°
e a CcoSs a Ccos a Ccos
w0 = [1+ I 13 135 }

Note that ¢(6) = ¢(—60) since cos 8 = cos (—60). Let

/2
J e(6)db = p.
)

Then
P[0 <0<6]=1-2p
or
P[—Oo < fan~! 22 Y < 00} =1-2p
X+ ay
= P|:—00 < tan ! — tan_lz < 00i|
X
= P|:—60 + tan™! Z < tan~! & < 6y+ tan~! ¥:|
X X
Now
) = tan[tam_l Z — 60} = (¥ — tan 6())/(1 +¥tan 00>
X X X
ay = tan[tan_1 ¥ + 00i| = <)_] + tan 0())/(1 — ztan 0()),
X X
because

tanc + tanb

t +bh))=——
an(c + b) 1 ¥ tanctanb

If @, > «; then we have inclusive limits

Ploy <a<a]=1-2p.

If @) > ay then Pla > a; or a < a;] =1 — 2p and limits are exclusive, but for
0<p< % we never have the whole real line.

Calculations made by Creasey for the comparison of the two latter cases show
that for the same 1 — 2p, Creasey’s limits are included in Fieller’s limits.
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